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Abstract:

By employing the initial value problem approach, the evolution of linearized perturbations in
a two-layered unbounded thermally stratified magnetohydrodynamic shear flow is studied. The
resulting equation in time posed by using Fourier transform is solved for the Fourier amplitudes. A
point source of the field of transverse velocity, magnetic field and temperature are the initial
disturbances that are considered. Solutions are obtained for small values Alfve'n velocity and
Brunt Vaisdld frequency. The magnetic field and temperature plots are drawn for different values
of Alfve'n velocity and Brunt Vaisdld frequency.
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1. Introduction

In geophysical and astrophysical environment
the stability of electrically conducting shear
flows with thermal stratification is of great
importance. Magnetic field sometimes exerts
constraints which results in certain types of
motion and that can be stabilizing. As a
result, flow in the presence of magnetic field
may remain laminar even at high Reynolds
number. If additionally some destabilizing
agent such as shear is present then it will
result in wavelike motions and thermal
stratification also act as destabilizing agent.
Hains (1965) studied the influence of a
coplanar magnetic field on the stability of a
conducting fluid flowing between parallel
planes. After deriving the general stability
equation for small magnetic Reynolds
number, numerical results were obtained for
the case where the initial perturbations of the
magnetic field vanish. Hunt (1965) proved
that, when a uniform magnetic field is parallel
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to the flow and sufficiently large, the wave
number vector of the most unstable
disturbance is not, in general parallel to the
flow ie., it is a three -
dimensionaldisturbance. J. Lerner and E.
Knobloch (1984) using the method of
separation of variables studied the stability of
dissipative magnetohydrodynamic shear flow
in a parallel magnetic field for unbounded
plane Couette flow. The finite conductivity
and molecular viscosity were found to be
stabilising.

M. Venkatachalappa and Soward
(1990) has shown that the addition of small
diffusivity, dissipation is strongly stabilising
and causes eventual collapse of all the modes.
Vijayalakshmi and Balagondar (2007) studied
the evolution of general three-dimensional
perturbations in a thermally stratifiedcouette
flow using initial value problem approach and
found graphically that the behaviour of the
total energy and the sum of first
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fivecomponents of energy are qualitatively
similar for different values ofBrunt Vaisala
frequency.Vijayalakshmi and  Balagondar
(2009) studied the evolution of general three-
dimensional perturbations in a
magnetohydrodynamiccouette flow as an
initial value problem and found that the
behaviour of the total energy and the sum of
first fivecomponents of energy which are
qualitatively similar for different values of
Alfven velocity.Vijayalakshmi(2018) studied
the evolution of linearized perturbations in a
thermally stratified magnetohydrodynamic
bounded couette flow as an initial value
problem and found that an increase in
magnetic field leads to growth in the
amplitude of rotational velocity didturbances.
In the present paper, we have extended the
work of Criminale and Drazin (1990) to
thermally stratifiedmagnetohydrodynamic
bounded couette flow with unit pulse of
velocity, magnetic field and temperature as
initial conditions. layer. The complete general
solution to the linearized equations of motion
areobtained as functionof all space variables
and time. The disturbances are resolved into
rotational and irrotational components.The
rotational solution is the solution for the
hypothetical initial-value problem for which
the mean flow is unbounded but coincides
with the actual flow in the layer. The
irrotational solution in each layer is specified
uniquely by satisfying the interfacial
conditions and boundary conditions at a wall.

2. Mathematical Formulation
We consider an electrically conducting fluid of
density p, moving with velocity § in the

presence of a magnetic field H under the
influence of gravity §. Small density changes
are caused by variations in the temperature T.
We assume that the fluid is Boussinesq. The
linearisedequations are

ou o0v Ow
—+—+—=0 (2.1)
oxX o0y 0z
H oH
0 X 4 y+8HZ = 0(2.2)
0X oy 0z
a_u+0ya_u+(5v = _@‘FVKGHX
ot OX OX OX
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(2.3)

H
8—V+csya—v=—@+N29+V'§\—y
ot oX oy oX
(2.4)

H
a_W-i-Gy@—W = _ﬁ_i_v'g\a z
ot OX 0z OX
(2.5)
oH oH
X +oy X —cHy = 8—u
ot 0 X 0X
(2.6)
oH oH
y +oy y = ﬂ(2.7)
ot 0 X O X

8HZ aHZ ow

ot "V ox Toax @Y
%+Gy2—i = Blv(2.9)
2
where, Vizm,
Po
d
NZ:—%%:—alﬁlg

VAis the Alfve'n velocity, N is the Brunt
Vaisdld frequency, pg is the equilibrium

density.

By employing (i) moving co-ordinates
transformation,

T=t&=X-oyt, n=Yy, {=2 (2.10)
(i) three - dimensional Fourier transformation
is given by

0(a;B;v;T) = _fo_of T u(Em::T)

ei(mé +hn HCJ d§ dnd{(2.11)

with similar expressions for ¥V, W, |:|X, I:Iy,
|:|Z and IS,
(iii) Changing the quantities in the ay plane

(i,e.,EC plane in real space) to polar variables
(a,¢) using Squire transformation by

defining a:((>tz+\(2>}é and ¢ = arctan
(%) as the polar variables in wave — number
space , the velocity and magnetic field
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components in the o and ¢ directions are

given by
szafoYszﬁzz—YijaHz
o o
+ —yU+
go QYW o YA OW o And by
o o

eliminatingls, equations (2.1) to (2.9)
reduces to

i(sz) ~ N%520 +ioV? Kzﬁy -0

dT A

(2.13)

dH _

—2 = -jaV¥, (2.14)

dT

do .

— = V. 2.15

7= B (2.15)
where K2 = a2 + (B - GaT)Z and
62 = (az + yz).

Once equations (2.13) - (2.15) are solved with
appropriate initial conditions for V, 0 and
I:|y, other velocity and magnetic field

components 0,W,|:|X and |:|Z can be
obtained by inverting the relations (2.10).

A

The pressure amplitude P is
obtained by taking the divergence of the
momentum equations.

P=— (20(1V+N ((B—cmT)é))
K
(2.16)

is the solution for the pressure P in terms of
Vand 0 if K2 #0.

Two sets of solutions exist for equation (2.13)
forV. For K2 #0 ,the disturbance

is rotational and for K2 =0, the disturbance
is irrotational since K2\7 =0 corresponds to
VZV: 0 in real space. But KZI:Iy =0

implies that |:|y is force free magnetic field

i,e., there is no magnetic field. Hence

VZ H y = 0 which corresponds to irrotational
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solution is not taken into consideration. Now

considering the case K2 #0, we assume
(a,B,y,T) =Yg (a.B,y,T)+

N2y (aBy, )+V§\ 2((1[37, )+

2\2 ., 2\2.
(N ) v (a,B,v,T)+(VA) V4 (B,y.T)
+N2V§\ 5(a,B,y,T)+... (2.17)

with similar expressions for Hy(a,B,y,T)
2.

and é(a,B,y,T) .
At the zeroth order, (2.14)

+ fzz (o,B,7)(2.20)

At the first order,

. 1 (_2 A ~

V, = a“TIQA+Q
1 _2+(B_GQT)2 ( 2)

Q
(2.21)?)1 —— 0 '1[[3 )(2 22)
Gocaoclg o
L -1 B oaT

2+(B—GOLT)2 ~ (B-ocoT 2
) —y

—a log

=]

(2.23)
At the second order,

A =3
A Q0 KB caTj (B_GQTJ
U=~ tan~1[ P22
o a a
1 T 3 T
S (e
3 o o
—2
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2
)
6 a

A

a0, (B—caTj+l[B—caT f
o} o 3 o

A2
~ 10250 l(B—caTJZ _1(B—GaT)
Hy, =- [} tan | ———

2 o2 |2 a a

S e ()

=]

—Etan_l(ﬁ Wchos(tan_1 (MD -
3 o

24

sin(tan‘l(ﬁ_fﬂjj}}w .
a c

2 62+(B—6aT)2 1(B—-ocaT 2
T

(2.26)

The solution for K2=0 is found by
considering the perturbation equations where
two — dimensional Fourier transform is used
instead of the full three — dimensional

decomposition. Using moving co-
(2.10), K20 =0

ordinatetransformation
corresponds to

o, oy
5 +2ic 0T ——
on on
(az 22T 2) v = 0@27)
B _ o0 o0
VI :Vl(a,n,'y;T):__[ __[ Vl(&anaGaT)
) e s

is the irrotational part of v. The solution of
equation (2.25) is found to be

v, = A(T)e oniootn,

B(T)ean_ic oaTn 5 o)
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where A(T) and B(T) are constants of
integration .

In order to combine \7R and \7| to obtain the

complete solution and satisfy the matching
condition \7R must be inverted once to obtain

\V/R(aanby:-r)le
vR(“ﬁﬂaYa )=_ .[ v (aaﬁaY;T)l

ePNdp (2.30)
With initial velocity, initial magnetic field and
initial temperature are given by

V(X,y,Z,O)=V0S(X-XO)S(y-yO) .
)(z 31)

(77

V(X, ) V, 8(x XO)S(y-yO).
(
(

d

olz-z )(232)

V(XY ) V, 8(x XO)S(y-yO).

8(2 - ZO) (2.33)

In terms of moving co-ordinates and three-
dimensional Fourier transform is

\70 (a,B,y)= Qq (a.B,y)=

i| axX A HBY A+
e( XO ByO YZO) (234)

0
60 (a.B,y)= Ql(a, B,y)=

il ax A +HBY~+VZ

60 (a,B,y)= Ql((x, B,y)=

i (xx0+[3yo+yzoj

|
Ve ( (2.36)

VR is found to be

v, - ei(axowzo—GaTﬁj {(VO e—&‘ﬁ‘ .
oo o - i |2 N4G2y V2
N T(90+H0))e | | —GzalaggA
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atNevh

. 3,45
_2|aa VAOO ~ AHO (Z_,.E)
36 550, 3 2
—an-n'l-amn _3
ofn'e ‘n T]‘ nd ' 4 Vo(x
oy I VAl 3
—o0 (n_n ) oo
w4 -3z 2+,2 =b;
N _5|VA(xa 60+N VA(x 90
60 3
2c70
o ali-nl-afi
J‘ _In! — !
o 2(n-n)
Then the total solution will be
V=Vg+V, (2.37)
3. Thermally Stratified

MagnetohydrodynamicTwo-layered
unbounded shear Flow

In this prototype two thermally stratified
magnetohydrodynamic shear layers with

shears Gland 02, with constant magnetic

field I:|0and temperature gradient Blare

considered, which are separated by an
interface at n=0.

In the region | (n > 0), the solution for the
perturbation is given by

\71 _ A(T)e_a n-lo; aTn +\7R1 ((x; n: Y§T)
(3.1)

—a n—icslaTn
v, = A(T)e +\7R\0201
(3.2)

The solution in region Il ie., for n < Othe
solution for the perturbations is

~ an-ic,aTn

Vy = B(T)e 2 +VR2(a,n,y,T)
(3.3)

~ &n—iGZaTn ~

vV, = B(T)e +VR‘G:02

(3.4)
Solutions for \71and \72 given by equations

(3.1) and (3.3) satisfy the required boundary
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condition at m=zo0. Using the first

matching condition i,e., the continuity of \71

and V2 at the interface i,e., V1= V2at

n =0 yields
A-B = VRZ (aaoa Y T) - le((l,O, Y T)
(3.5)

We make using of the pressure matching
condition ie., the pressure is continuous
across the interface. By considering the
Fourier transforms of the momentum
equations (2.3) - (2.8), we solve for
P(a, y,m, T)and obtain

o%v oV

1 1,4~ =
+lo,0T —=+2ic,0v, +
onoT 17 8T 11

H 2 yl 2 2 1
oV —o~ V5o, TH
A on Al 'y,

0%y oV
= 2 +ic,0T
onoT 2

oH
g2 Y 2.2
+|ocVA o o VA

; o 357
+ 21020w2

GZTHy2 (3.6)

for|51: |52 atn=0.
Using equations (3.1) and (3.3) in equation
(3.6), we obtain

—G(A+ B) +ia(clA—02B) =
0%, 8%V
vR2 ) le
onoT onoT

n=0

VR Vg
2 _, 1
oT 1 5T

laT o,
=0

+2i00,V —0,V +
{ 2Ry Rl}nzo

dHy  oH
iOLVZ —y2 ——yl
Al an o
n=0
—anZT 6.Hy -o,H (3.7)
A |72 y2 1 le]ZO )
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If we define,

%v, 8%

Ry Ry
G, = -

onoT onoT

n=0

T S,

+2|a 0 GV } +
=0
8Hy 6Hy
IaV 2 7
n=0
T{GZHy GHy} (3.8)

F0 = {VRZ - le}n i 0(3.9)
Equations (3.6)-(3.9) yields

20A —ia(csl —GC5 )A =

—GO + iocGZFo +a FO . (3.10)

2aB —i(x(csl—csz)B = .

— GO + iachO —a F0 (3.11)

Using equations (3.5) and (3.12) in equations
(3.10) and (3.11), A and B are found to be
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ic,oTy
2ia&y0626 2-°0

. o
I(czaTyo —6(61—(52 )j
v, {1_ VANZGS _ G}fﬁ“ﬁ} g

60,0 360, 3

L 1
8ia&5ﬁ0 32
H 2 Vol A
9(51 o1
4_5
V. o
+(2|—£j A3
36 A
, (3.10)
o
' dn’ (3.10)
(3.11)
lo,aTy
_ T 27770
a(cz 01)(1 ayo)e
“tfa-e
G,0¥ = 6, =0,
j% 6, —6,|T
+D4 eza( 1 2)
a(c -0 )T
; 1 2
B R T
B
20
e ViN2&3_ ViNA'&S Y,
0 6 3
Gy 36(52 o
8o 2Ll B V2
0.v A
2 0] 3
902 )
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4. Results and Discussions
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In this problem, wehave studied the Inearized
perturbations of a two — layered unbounded
inviscid thermally stratified
magnetohydrodynamicshear flow with unit
pulse of velocity, magnetic field and
temperature as initial distributions. The
perturbations are resolved into rotationaland
irrotational components. Plots are drawn to
observe the variation of amplitude of
magnetic field and temperature with time.

Figs. (1) and (2) are plots of ‘Hy‘ Vs T for
different values of ¢ =0°,459,900,1800

.Figs. (3) and (4)are plots of ‘é Vs T for

0=09,459 9091809 and for different
values ofN and VA .From fig. 1 to fig. 4,
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