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ABSTRACT. In this paper, we obtain the necessary and sufficient conditions and inclusion
relations for the generalized hypergeometric distribution series ,Js(t,z) to be in the
subclasses ST [P,Q] and UCV[P,Q] in the open unit disk A. Further, we consider the
Alexander integral operator related to generalized hypergeometric distribution series and
several corollaries of the main results are also discussed.

1. INTRODUCTION

Let A be the class of functions of the form
f2) =2+ d? (1.1)
1=2

which are analytic in the open unit disc A = {z € C;|z|] < 1} and normalised by f(0)=0
and f’(0)=1 and denote by S, the class of functions in A which are univalent.

A function f € A is an element of the class STx[P,Q], ¥ > 0,—-1 < Q < P < 1,
innovated and studied by Noor and Malik [8] if and only if

Q-1 _p_y Q-nE _p_y
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A function f € A is an element of the class UCV[P,Q],k > 0,—1 < Q < P < 1,innovated
and studied by Noor and Malik [8] if and only if

Q- p_y Q-nEC) _p_y
. 7 _, 7 B
SLEN GFG)Y '

(Q + 1)—f’(z —(P+1) (Q+ 1)—f’(z) —(P+1)

Clearly that f(z) € UCVL|P, Q] <= zf'(z) € ST[P, Q).

For particular values of the parameters, the classes UCV[P, Q)] and

STk[P, Q] are reduced to the classes defined by Kanas and Wisniowska [6, 7](see also[13]),
Shams et al.in[14], Janowski [5].
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If f(z) € ST[P,Q], then

N2 MG
:fQ Uf?)(P 1)
2f'(z ’
(Q+Df@)—W+D

takes all values from the domain vy = {w : R(w) > kjw — 1|} for £ > 0 [8].
A function f € A is an element of the class RY(X,Y),d € C/{0},-1 <Y < X < 1,
introduced by Dixit and Pal [4] if it satisfies the inequality

f'(z) =1
(X =Y)0=Y(f"(z) - 1)

<1l,zeA. (1.2)

e1,€s,¢€3,,,¢e.and fi, fao, f3,,, fs are complex numbers with f, # 0, —1,-2,,,(b=1,2,3,,,s).
The generalized hypergeometric functions ,Jg(e1, es, €3, ,, €5 f1, f2, fs,,, fs; z) defined by
ZT'L

sz(€1>€2,637 ??eT;f17f27f37 7?f3;2> = ZKn(er;fs)W7 LS A> (13)
n=0 ’

where r < s+ 1, K, (e,; fs) = % and (e),, denote the Pochhammer symbol.

We refer [12] for convergence and more details of the function (1.3).
For e,, (a =1,2,3,,,7), f»,(b=1,2,3,,,s) and t > 0 define

%S tl
TJS(617 €2,€3,,,6€r; fl7 f27 f37 IR fs»t) = Z Kl(er; fs)W7 (14)
1=0 ’

provided that the series is convergent. We write ,.J(eq, ea, €3, , , €5 f1, f2, f3,,, fs; 1) as . Js(t) and
sz<el+h7 €2+h7 63—|—h, ) er+h; f1+h'7 f2+h7 f3+h7 U] fs+h; t) as sz(€1+h; fl"’h; t)? h e N.

The probability mass function of the generalized hypergeometric distribution is

Kier f)- 1 —01,2.3 (1.5)
€r; N7 = U a 9, :
l TyJS (l)lrjs(t)7

for particular values of r and s (1.5) reduces to probability distributions studied by Porwal
and Gupta[10], Porwal[11, 9].

Rajavadivelu Themangani et al. [15] introduced the generalized hypergeometric distri-
bution series whose coefficients are the probabilities of generalized hypergeometric distri-
bution as

e tl_lzl
S t, = K ryJs) TNy T 1.6
( Z) Z—i—; l 1(6 f)(l—l)'sz(t) ( )
where e,, f, > 0(a=1,2,3,,,m0=1,2,3,,,s).
The convolution operator ,M(t, z):A — A defined as
0 tl_ldlzl
PM(t, 2) = Ji(t, 2) * f(2) =2+ ;Kl—l(er; fs)m- (1.7)

For further references refer [1, 2, 8, 11, 15],
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Lemma 1.1. [8] If f € A is in the family ST [P,Q], if

i 2k + 1)1 — 1)+ [(Q+ 1) — (P+ 1)[]|di| <|Q — P, holds (1.8)

1=2
where —1 < Q<P <1,k>0.

Lemma 1.2. [8] If f € A is in the family UCV[P,Q], if

iz (= 1)+ [1(Q+1) — (P+1)|]|d)| < |Q — P|, holds (1.9)

1=2
where —1 < Q<P <1,k>0.

Lemma 1.3. [4] If f € R?(X,Y), then
(1.10)

|d)| < (X — Y)@,l € N/{1},

the results (1.10) are sharp.
2. MAIN RESULTS

Theorem 2.1. A function . Js(t, z) is in the class ST [P, Q],
where eq, fr, >0 ,a=1,2,3,,,r and b=1,2,3,,, s if the inequality

(2k +Q +3)Ki(er; fo)rds(er + 15 f1 + 15 t)t < |Q — P,
occurs under one of the following conditions

r<sandt>0
r=s+landt<1 (2.1)
r=s+1lt=1and >, fo>> . _ e+ 1
Proof. Since
o tl_lzl

v Js(t, 2) =z + lz:; Ki—1(er; fs)m

From Lemma 1.1 claim that,

[e.9]

>0 - D)+ D) +UQ+1) — (P+ 1) ld <@ - P

1=2
Now,

>0 =)+ 1)+ UQ+1) — (P+ 1)l lai

1=2
2fl—l

Z[ =Dk +1)+1(Q+1)— (P+1)|]Kz_1<er;fs)m

o~

=2
tl 1

srjit);[?(l—l)(km (1= 1@+ 1)+1Q = PI| Kies(er £ 7y
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1 0 -1
=T |& e+ ;(z = DKo J)
=1
+1Q - P|ZKZ 1er,fs>( —yi| Sl P

which reduces to
(2k + Q + 3)Ki(er; fo)rdsler + 1; L + 1)t < |Q — P.

Theorem 2.2. A function ,Js(t, z) is in the class UCV\[P, Q)]
where eq, f, >0 ,a=1,2,3,,,7r and b=1,2,3,,,s if the inequality

(2/{7+ Q + 3)K2(6,~,f5) (61 + 2; f1 + 2; t)tQ
+ 202k +Q+3) +1Q — P EKi(er; fo)rJsler + 1 L+ L)t < |Q — P,

occurs under one of the following conditions

r<sandt>0
r=s+landt<1
r=s+1lt=1and Y, fo > €a+2.

Proof. Since,

tl—lzl

ot 2) =24+ Ki(ers fs)m-

From Lemma 1.2 claim that,

ZZ[ 20 = Dk + 1)+ UQ+1) = (P+1)]]|d| <1Q - P|.

Now,

Zz[ 21 = 1)k + 1)+ UQ +1) = (P+1)] ]|

00 -1
:Zz[ 21— 1)( 1)+|1(Q+1)—(P+1)I}Kz-1(er;fs>(l_i)—u@
— ‘rJs
< 1( [Zz [(2k+Q+3)(1—1)+|Q — P||K,_ 1(er,fe)(t_—_11),

rds 1=2 .
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1 00 -1
= QI S D 2K £ gy
FEE+ QY +1Q P Y= DElens £
1=2 ’
l—l
Q= PIY Kinslen £ | <10 P
1=2 '

which reduces to
(2k +Q + 3)Ks(er; f)rJs(er + 2; fi + 2;1)t7
( (2k+Q+3)+|Q P|)K1(6r7fs)r (61+1 f1+1 t)t<|Q P|

3. INCLUSION PROPERTIES

Theorem 3.1. (i)If f € S8 and e,, f, > 0(a = 1,2,3,,,rb = 1,2,3,,,5) and the
inequality
<2k+Q+3)K2(6rafs>r (61 +2 fl ‘|‘2 t)t2
( (2k+Q+3)+|Q Pl)Kl(ervfs)r (€1+1 fl+1 t)t< |Q Pl

occur under one of the conditions given by (2.2), then .Ms(t, z) is in ST[P, Q).
(i)If [ € K(Convex function) and e, fr, > 0(a = 1,2,3,,,7,b = 1,2,3,,,s) and the
inequality
<2k + Q + S)Kl(er; fs)sz(el + 1; fl + 1; t)t S |Q - P|7
occur under one of the conditions in (2.1), then .M(t,z) is in STx[P, Q).

=17 1
Proof. (i) Since ,My(t,z) =, Js(t,2) * f(z) = 2+ Y=y Ki—1(er; fs)%

If f e S* then |dj| < is true for all [ > 2, using Lemma 1.1 and following the similar
arguments in the proof of the theorem 2.2, we get the desire result.

- o0 td; !
(ii) Since ,M(t, z) =, Js(t, 2) * f(2) = 2+ >0y K1 (er; fs)m

If f € K, then |d)| <1 is true for all [ > 2, using Lemma 1.1 and following the similar

arguments in the proof of the theorem 2.1, we get the desire result.
O

é www.neuroquantology.com

EISSN 1303-5150

10



S.KARTHIKEYAN, V.K.BALAJI, AND N.MAGESH

Theorem 3.2. (i)If f € 8 and e,, f, > 0(a = 1,2,3,,,r:b = 1,2,3,,.5) and the
inequality

|2k Q + 3 Kaless £, Juler + 3 1+ 3:0)E°
+ [5(2K+Q+3) +1Q = Pl Kalers fo)rTuler +2: 1+ 2:0)8

+ [4(2k + Q + 3) + 3|Q - P|] Kl(er; fs)sz(el + 1; fl + 17t)t < |Q - P|7
occur under one of the conditions given by (3.1), then .Ms(t, z) is in UCVE]P, Q)]

r<sandt>0
r=s+landt<1 (3.1)
r=s+1lt=1and > _,fo>> . _i€a+3.

(ii) If f € K(Convex function) and e, f, > 0(a = 1,2,3,,,r;b = 1,2,3,,,5) and the
inequality

2k + Q + 3)Ka(er; fo)rdsler + 25 f1 + 2; )82
+ (2(2/{7 + Q + 3) + |Q - P|)Kl(er;fs)rjs(el + 1; fl + 17t)t S |Q - P|7

occurs under one of the conditions given by (2.2), then .M(t, z) is in UCVL]P, Q).

Proof. (1) If f € §*, then |d;| < is true for all I > 2. From Lemma 1.2 claim that,

oo

Sot20 -0k + 1)+ UQ+1) = (P+ 1)l il < 1Q - P).

IR0 - 1)k + 1)+ 1(Q+1) — (P +1)]]|di|

=2
= -1
<Siu-nes @+ -+ 1] ‘Kz—l(er;fs)—(l L
- -1
< ;12 20 = Dk + 1)+ (1= 1)(Q+1) +1Q = Pl| Kis(er; fs)(l_i)w
- -1
= ; (26 +Q+3) + (1Q = Pl — (2 + Q +3)] Kii ey fs)m

I
NE

{(% FQ3(U -1 -2 —3)+6(1—-1)(1—2)+71—1)+1)

[|
N

+(|Q =Pl —2k+Q+3))((I—1)(I —2)

Ls0-1)+ 1)] Ko (e fu) b
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tl_l
=]

1 o0
— WAD) {(21{: +Q+3) lz; Ki-1(er; fs)

2k+Q+3)+1|Q — P|]ZK1 1(er fs) oy

o >
ol

tl_l

(i—3)!
12

o0

(2k+Q +3) + 3|Q — P|]ZK1 1 er,fs)m
=2 ’

l—l
+1Q- P|Zmler,fs>(_ | <le-7

tl_l

which reduces to

[2k+Q+3]K3(er,fs)r e+ 3 f1 + 3: )83
+ [k +Q+3) + 1Q — PI| Kaler: f)rJufer +2: 1 + 2 1)

+ [4(% +Q+3)+3|Q — Pl]Kl(er; fs)rds(er +1; f1 + 1;6)t < |Q — P).

(i) If f € K, then |d;| < 1 is true for all [ > 2, using Lemma 1.2 and following the
similar arguments in the proof of the theorem 2.2, we get the desire result. Il

Theorem 3.3. Let f € R*(X,Y), ea, fy > 0, (a = 1,2,3,,,r;b = 1,2,3,,,5), then
M (t, 2) is in UCV[P, Q] if the inequality

(X —Y)Iﬁl[

7.0 2k +Q +3)Ki(ey; fo)rJs(er + L fi+ Lit)t +|Q — PI(Js(t) — 1) < |Q — P,

occurs under one of the conditions given by (2.1).

Proof. Since
tl_ldlzl

Mt ) =24 3 Kialers £y Ty

From Lemma 1.3 we get that,
0,
i< (x - re yqy. (3.2)

From Lemma 1.2 claim that,

o

Zz[z(z DR+ D)+ HQ+1) — (P + 1)|]|dl| <1Q-P.

=2

f:z[ L= )k + 1)+ UQ+1) — (P+ 1) |ai

=2
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gi [2(1—1)(k+1)+(l—1)(Q+1)

=2
-1
+1Q — P Kz—l(er;fs)m(X—Yﬂw
(X =Y)| - =t
I N O (2k+Q +3) ZZ:: (Il -1)K;_ 1(6r,fs)m

+ |Q P’ZKI 1 emfs) )]

(-
:—(X;Z))W' (26 + Q + 3)K: (e fo)rJuler + 1; fr + L)+ |Q = Pl Ju(t) = 1)
<|Q-r|.

4. ALEXANDER INTEGRAL OPERATOR

Theorem 4.1. The function given by /{fl(z) = foz “]ST(t’Z)dt,z eEN, ey, [y >0
(a=1,2,3,,,10=1,2,3,,,s), then k(2) is in UCV}[P, Q] if

(2k + Q + 3)K1(€r;fs)t sz(el + 1; fl + 17t) < |Q - P|7
occurs under one of the conditions given by (2.1).

Proof. Since
tl 1 l

—Z+ZKZ 1 67’7fs)() J()

From Lemma 1.2 claim that,

ZZ[ (L= 1)(k+1) + [1Q+1) = (P+D)]|ld] < Q- P.

Now,

iz[z(z — 1)k 1) +UQ+1) = (P+ 1)1

=2
[e's) tl_l
= ; [2(1 —~DEFD+0-D(@@+1)+|Q — Pl Kz_1(6r;fs)m
1 e tl_l
A (2k +Q + 3) lz (1—1)K,_ 1(er,fg)(l_1)!
0 f-1
+|Q P|Zhlleraf5( >]§|Q P|
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which reduces to
<2k + Q + S)Kl(er; fs)t 7'J5<61 + 1; fl + 17t) S |Q - P|
O

Remark 4.1. If we take r = s = 1 and e; = f; in theorems (2.1) and (2.2), we obtain the
results with respect to poisson distribution series.

Remark 4.2. 1f we take P =1,Q = —1,k = 0 in theorems (2.1) and (2.2), we obtain the
corollary 3 and corollary 4 of [3].
5. SPECIAL CASES
If P=1-2vyand (Q = —1, then we obtained the following results.

Corollary 5.1. A function ,Js(t, z) is in the family ST [P, Q], €4, fo > 0
where a =1,2,3,,,r and b=1,2,3,,,s if the inequality

(k+ DEi(ers fo)t oJs(er+ 1 fr +1i1) < |1 =7l
occurs under one of the conditions given by (2.1).

Corollary 5.2. A function ,Js(t, z) is in the family UCV|P,Q), eq, fr > 0
where a =1,2,3,,,7 and b=1,2,3,,,s if the inequality

(k+ 1) Ea(ers f)t* o Ju(er + 2 fi +28) +2((k + 1)
+ L= Ei(er fo)t wJs(er + 15 fr + 11) < [1 =7,
occurs under one of the conditions given by (2.2).
Corollary 5.3. ())If f € S*, eq, fo >0(a=1,2,3,,,mb=1,2,3,,,5s) and the inequality
(k+ 1) EKs(er; fOE7 v J(er + 25 fr + 28) + 2((k + 1)
+ 1 =) Kiler; fo)t vJslen + 15 fr + 158) < |1 — 1,

occur under one of the conditions given by (2.2), then .Mg(t, z)is in the family ST [P, Q).
(i)If f € KC(Convex function), eq, f, > 0(a =1,2,3,,,r;0=1,2,3,,,s) and the inequality

(k+ D Ki(er; fo)t vJs(en+1; f1+ Lt) < |1 =1,
occur under one of the conditions in (2.1), then .M(t, z)is in the family ST [P, Q).
Corollary 5.4. (I)If f € S*, e, fy >0(a=1,2,3,,,7;6=1,2,3,,,5) and the inequality
(k+ 1) Ks(ers f)t? v Ju(er + 3 i +351)
o+ [50k+ 1) + 1= 3| Kol f)F uler +2: f1 + 2:1)
40+ 1)+ 311 = 3 Kulers St o Julen + 13 fu+150) < 1=,

occur under one of the conditions in (3.1), then .M(t, z)is in the family UCV|P, Q).
(i)If f € K(Convex function),eq, fr, > 0(a=1,2,3,,,r;6=1,2,3,,,s) and the inequality
(k+ D) Ea(ers f)t* o Jo(er + 2 fi +250) +2((k + 1)

+ 1= Eies fo)t v Jolen + 1L fi+ 15t) < |1 =],
occur under one of the conditions in (2.2), then .M(t, z)is in the family UCV [P, Q).

EISSN 1303-5150 é www.neuroquantology.com
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Corollary 5.5. Let f € RY(X,Y), e, fy > 0(a = 1,2,3,,,7;b = 1,2,3,,,s), then
+M;(t, 2) is in the family UCVE]P, Q] if the inequality

(X — Y)Iﬁl[
'sz(t)

occurs under one of the conditions given by (2.1).

(k+ 1) Ki(er; fo)trJs(er + 1 fr + 15t) + [1 =~ Js(t) — 1)] < |1 — 7],

Corollary 5.6. The function given by kj(z) = foz @dt,z € AN eo,fo > 0(a =

1,2,3,,,m6=1,2,3,,,s), then k(2) is in UCV[P, Q] if
(k4 1)Ki(er; fo)trJs(en + 1; f1 + 1;t) < |1 =7,

occurs under one of the conditions given by (2.1).

6. CONCLUSIONS

Several researchers employed some distribution series, such as the Poisson distribu-
tion series, the hypergeometric distribution series, the Pascal distribution series, and the
Miller-Ross-type Poisson distribution series, to obtain the necessary condition for these
distributions to be in the families of analytic functions defined in the open unit disc. In
this work, we derived the necessary and sufficient conditions and inclusion relations for
the function defined by the generalized hypergeometric distribution series ,.Js(t, z) belongs
to subclasses ST[P,Q] and UCV,[P,Q] in A. Further, we consider an integral operator
related to the generalized hypergeometric distribution series, and several corollaries of the
main results are also discussed. This work will motivate the researchers to give new con-
ditions for generalized hypergeometric distribution series to be in the families of analytic
functions.
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