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Abstract 
We investigate the quantum electronic dynamic and scattering of low dimension system an atomic nano well 
in thin film, which breaks the symmetry follow the axisperpendicular to it. This affects the different physic 
properties of the perturbed system. So the Schrödinger lawand Thigh Binding formalism are governed this 
work. The breaking of the symmetry makes the usual methods unsuitable so the adequate methods like the, 
PMFT(Phase Matching Field Theory) are needed to determine the desired properties. In this work, we 
determined the scattering and the localized energy at the behavior of the defect structure and their 
associated state densities. In addition the transmission and reflection coefficients as well as the electronic 
conductance are calculated according to the parameters at the in homogeneityof the disturbed zone and the 
exiting energy. 
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Formalism, Matching Method 
DOI Number: 10.48047/nq.2024.22.1.NQ24038                                    NeuroQuantology 2024; 22(1):429-445 
 
Introduction 
The advancement of nanosciences is inextricably 
linked to the development of nanodevices, a field 
marked by diverse challenges stemming from the 
extensive range of proposed applications, 
materials, and geometrical configurations for 
nanoscale structures. Notable applications 
encompass nanoelectronics, with a focus on the 
properties of finite quasi-2D nanostructures 
situated on surfaces [1–4]. The phenomena of 
scattering and localization in low-dimensional 
systems, long a subject of scientific inquiry, have 
garnered renewed interest in the context of 
contemporary device technology. Recent research 
trends predominantly pivot towards examining 
electronic scattering in quasi-one-dimensional 
systems. 
Critical insights into quantum coherent electronic 
transport in mesoscopic systems, including its 
extension to multi-terminal configurations, have 
been illuminated through the formalism 

established by Landauer [5] and Büttiker [6]. 
These seminal works intricately link the 
conductance of a system to its scattering matrix, 
thus underlining the significance of multiple 
scattering and quantum properties, which extend 
beyond the domain of quantum electronic 
transport. 
In various contexts, these properties assume 
pivotal roles in the quantic coherent transport of 
diverse excitations through nanostructures 
integrated within low-dimensional systems [7–9]. 
Our preceding work systematically explored the 
electronic dynamics at inhomogeneous atomic 
boundaries within ultrathin films [10], as well as 
coherent electronic conductance through atomic 
nanocontacts [11]. The overarching aim of our 
research is to deepen the understanding of 
coherent electronic scattering and transmission 
processes in electronic circuits and across 
nanojunctions – a fundamental aspect for 
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electronic devices functioning within the coherent 
regime. 
It has been demonstrated [12,13] that Fano 
resonance conductance characteristics hold a 
prominent and influential position in the realm of 
electronic conductance and thermal conductivity. 
This phenomenon [14], prevalent across various 
sectors of condensed matter physics, exhibits 
modification in its conductance characteristics 
under varying conditions and nanogeometries. In 
this study, we introduce a model to scrutinize 
coherent electronic transport through an 
extended atomic well, delineating the 
inhomogeneous boundary between two ultrathin 
films. Current nanotechnologies potentially 
facilitate the fabrication of such systems, allowing 
for the continuous modulation of pertinent 
structural and electronic parameters. 
Our objective is to meticulously elucidate the 
interplay between coherent electronic 
conductance via the extended nanostructure 
boundary and the boundary's inhomogeneous 
character, both structurally and electronically. The 
structure of this paper is as follows: Section 2 
elucidates the foundational elements of our 
theoretical model, describing electronic dynamics 
in ultrathin films, which effectively function as 
quasi-2D waveguides flanking the atomic well 
boundary. Section 3 delves into the electronic 
dynamics intrinsic to the well boundary, deriving 
transmission and reflection coefficients via the 
matching method [15–17]. Section 4 presents 
numerical applications focusing on local Harrison 
parameters at the boundary, where we assess 
coherent electronic conductance. The final section 

encompasses the numerical implementation of 
our model and the ensuing conclusions. 
 
II. The theoretical model and methodology. 
Consider the extended atomic nanostructure 
illustrated in Fig.1, comprising a model that 
integrates two ultrathin films. Each film consists 
of a lattice with two atomic layers, interconnected 
via a well. The system's surface lies in the xy-
plane, with the y-axis denoting a direction of high 
symmetry. 

To analyze this nanostructure, we employ the 
analytical formalism of Tight Binding (TB) theory, 
complemented by phase matching field theory. 
The TB, also known as the Atomic Orbital (AO) 
method, presents a more suitable approach for 
our study. Since the groundbreaking work of 
Slater and Koster [18], TB methodology has found 
extensive application in the field of 
semiconductors, offering a realistic and 
economical approach for addressing a myriad of 
problems. 

Our study particularly focuses on several distinct 
tight-binding Hamiltonians, historically proposed 
for solving various semiconductor-related issues. 
The elegance of this approach lies in its balance of 
economic feasibility and realistic representation, 
making it a preferred method in semiconductor 
physics. Moreover, we delve into the specifics of 
Hamiltonian matrix elements and their interaction 
with nearest neighbor orbitals, a crucial aspect for 
understanding the intricate behaviors within our 
nanostructure. 

 

Fig.1 : representation oh schematic model of atomic nanowell 

 
The electron quantic coherent transport in an atomic nano well can be described in quantum mechanics by 
the Schrödinger equation as a single secular particle: 
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( ) ( )k kH r E r   (1) 

Where 
Ψk : is the system's wave function of state k. 
E: the energy of state k. 
H: Hamiltonian 
The base of atomic orbitals that overlapped or "hybridized" was used as; 
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Ci,n denoted the orbital coefficients where n was the number of atoms in unit cell andi was the number of 
orbital (n=s). The atomic orbital functions are considered orthogonal;  
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In addition, the Hamiltonian system was written: 
H=H0+V (5) 
With; 
H0: the kinetic energy ofnearest hybrid neighbors. 
V: the potential energy matrix.  
The Schrödinger equation became: 

0( )i i

n nH V E I      (6) 

In the (TB) approximation,the nearest-neighborswas considered as follow; 
𝐶𝑛,𝑠 ,𝐶𝑛+1,𝑠 , 𝐶𝑛−1,𝑠 ,𝐶𝑛,𝑠+1 ,𝐶𝑛−1,𝑠+1 ,𝐶𝑛+1,𝑠+1 ,andthe others were avoided. Equation (6) became; 

1)𝐻𝑖𝑗𝐶𝑛+1,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛,𝑠,𝑚+𝐻𝑖𝑗𝐶𝑛−1,𝑠,𝑚,𝐻𝑖𝑗𝐶𝑛,𝑠+1,𝑚+𝐻𝑖𝑗𝐶𝑛,𝑠−1,𝑚 + 𝐻𝑖𝑗𝐶𝑛,𝑠,𝑚+1=0. 

2)𝐻𝑖𝑗𝐶𝑛,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛−1,𝑠,𝑚+1,𝐻𝑖𝑗𝐶𝑛,𝑠+1,𝑚+1+𝐻𝑖𝑗𝐶𝑛,𝑠+1,𝑚 +𝐻𝑖𝑗𝐶𝑛+1,𝑠,𝑚+1=0. (7) 

With i : The energy of orbit i. 

Hij: the matrix ofoverlap elements between atom n and n’. 
 
In examining the electronic nanostructure 
epitomized by the nano well in ultrathin films, we 
incorporate Bloch's theory to understand its 
dynamics. This approach yields the relation 

𝐶𝑛±1,𝑠±1,𝑚 = 𝑧±1. 𝑒±𝑖∅𝐶𝑛,𝑠,𝑚 where ie


 
represent the phase translation factor along a 
specific direction α. This necessitates a 
comprehensive calculation of the bulk dispersion 
to fully comprehend the system's behavior. 
Equation (7) in our study delineates the 
Eigenvalues of the system, facilitating the 
extraction of the propagating phase factor under 
the stipulation that (| ξ | = 1), thus giving rise to 
the propagating phase factor. Concurrently, the 
identification of Eigen modes that fulfill the 
condition (| ξ | < 1) is crucial for calculating the 
evanescent electronic states. 
Furthermore, our analysis of the defect area, as 
described by Equation (6), reveals a rectangular 

Hamiltonian matrix configuration. This matrix 
presents an imbalance in the number of unknown 
variables relative to the number of secular 
equations, rendering a direct solution unfeasible. 
To address this complexity, we employ the Phase 
Field Matching Theory (PFMT), a robust analytical 
method that effectively characterizes the physical 
properties of disordered systems. 
PFMT has been recognized as a potent tool for 
studying the static structural equilibrium of three-
dimensional semi-infinite crystal lattices and low-
dimensional systems incorporating 
nanostructures. The dispersion curve of our 
system is illustrated in Fig.2 (a), while Fig.2 (b) 
showcases the absolute value of the ( ξ) phase 
factor. Additionally, a three-dimensional 
representation of the phase factor is depicted in 
Fig.2 (c), providing a comprehensive visual 
understanding of the system's behavior. 
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(a)      (b) 

 

(c) 

Fig.2:(a) Electron Dispersion Curves in Electronic Thin Films with Two Ordered Layers - Analysis for φy = 0 as 
a Function of k in the Brillouin Zone; (b) Representation of the Absolute Value of the Phase Factor as a 

Function of Reduced Frequency; and (c) 3D Representation of the Phase Factor as a Function of Reduced 
Frequency 

 

III. Electronicdynamics atan Atomic Nano well structures 

To determine the electronic matrix of defect, the Tigh Binding method was used foratomic nano wellnearest 
neighborhood, and then considered as the nearest-neighborsas follow; 

𝐶𝑛+1,𝑠,𝑚, 𝐶𝑛,𝑠,𝑚,𝐶𝑛−1,𝑠,𝑚,𝐶𝑛−1,𝑠,𝑚+1 ,𝐶𝑛+1,𝑠,𝑚+1,𝐶𝑛+2,𝑠,𝑚, 𝐶𝑛,𝑠,𝑚,𝐶𝑛−2,𝑠,𝑚,𝐶𝑛−2,𝑠,𝑚+1 ,𝐶𝑛+2,𝑠,𝑚+1 
 
Moreover, the others were avoided. Equation (6) became; 
1)𝐻𝑖𝑗𝐶𝑛+1,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛,𝑠,𝑚+𝐻𝑖𝑗𝐶𝑛−1,𝑠,𝑚,𝐻𝑖𝑗𝐶𝑛,𝑠+1,𝑚+𝐻𝑖𝑗𝐶𝑛,𝑠−1,𝑚=0. 

2)𝐻𝑖𝑗𝐶𝑛−1,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛−1,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛−2,𝑠,𝑚+1,𝐶𝑛−1,𝑠−1,𝑚+1 +  𝐻𝑖𝑗𝐶𝑛−1,𝑠+1,𝑚+1=0. 

3)𝐻𝑖𝑗𝐶𝑛,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛−1,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛−2,𝑠,𝑚,𝐻𝑖𝑗𝐶𝑛−1,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛−1,𝑠−1,𝑚 + 𝐻𝑖𝑗𝐶𝑛−1,𝑠+1,𝑚=0. 

4)𝐻𝑖𝑗𝐶𝑛,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛+1,𝑠,𝑚+𝐻𝑖𝑗𝐶𝑛+2,𝑠,𝑚,𝐻𝑖𝑗𝐶𝑛+1,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛+1,𝑠−1,𝑚+ =  𝐻𝑖𝑗𝐶𝑛+1,𝑠+1,𝑚=0. 

5)𝐻𝑖𝑗𝐶𝑛,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛+1,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛+2,𝑠,𝑚+1,𝐻𝑖𝑗𝐶𝑛+1,𝑠+1,𝑚+1+𝐻𝑖𝑗𝐶𝑛+1,𝑠−1,𝑚+1=0 

6)𝐻𝑖𝑗𝐶𝑛−3,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛−2,𝑠,𝑚+𝐻𝑖𝑗𝐶𝑛−1,𝑠,𝑚,𝐶𝑛−2,𝑠,𝑚+1 +  𝐻𝑖𝑗𝐶𝑛−2,𝑠+1,𝑚 + 𝐻𝑖𝑗𝐶𝑛−2,𝑠−1,𝑚=0. 

7)𝐻𝑖𝑗𝐶𝑛−3,𝑠,𝑚+1+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛−2,𝑠,𝑚+1+𝐻𝑖𝑗𝐶𝑛−2,𝑠+1,𝑚+1,𝐶𝑛−2,𝑠−1,𝑚+1 +  𝐻𝑖𝑗𝐶𝑛+3,𝑠,𝑚+1 + 𝐻𝑖𝑗𝐶𝑛−2,𝑠−1,𝑚=0 
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8)𝐻𝑖𝑗𝐶𝑛+3,𝑠,𝑚+(𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛+2,𝑠,𝑚+𝐻𝑖𝑗𝐶𝑛+1,𝑠,𝑚,𝐶𝑛+2,𝑠−1,𝑚 + 𝐻𝑖𝑗𝐶𝑛+2,𝑠,𝑚+1 + 𝐻𝑖𝑗𝐶𝑛+2,𝑠+1,𝑚=0. 

9) 𝐻𝑖𝑗𝐶𝑛+3,𝑠,𝑚+1 + (𝜀𝑖 + 𝑉 − 𝐸)𝐶𝑛+2,𝑠,𝑚+1 + 𝐻𝑖𝑗𝐶𝑛+2,𝑠,𝑚 , 𝐶𝑛+2,𝑠−1,𝑚+1 + 𝐻𝑖𝑗𝐶𝑛+2,𝑠+1,𝑚+1 + 𝐻𝑖𝑗𝐶𝑛+2 =0. .                                                                          

(8) 

 
The investigation of electronic dynamics in 
proximity to the atomic well reveals a rectangular 
dynamics matrix, denoted as D, derived from the 
secular equation system in Equation (8). This 
matrix is characterized by a higher number of 
unknown variables compared to the number of 
equations. Crucially, the knowledge of the generic 

phase factors[ (i), (i)–1] from Equation (7), 
pertinent to the branches (i ∈  [1, 2]) that 
characterize the eigenvalues and vectors in the 
bulk, facilitates a resolution to this imbalance. 
These phase factors play an instrumental role in 
the matching method, dictating the process by 
which the rectangular dynamical matrix D is 
transformed into a square dynamical matrix (Ms). 
 
In the context of our study, two distinct regions 
are considered: those to the left and right of the 
extended nano atomic well boundary. 
Consequently, two different basis vectors, {R+} 
and {R-}, are defined. The dimensions of these 
vectors hinge on the number of eigenvalues 
ascertained from the examination of the 
dynamical properties in the bulk regions adjacent 
to the atomic nano well. Specifically, in our case, 
this equates to a total of two electronic states. 

 
Consider the basis vector [|U〉, |R+ 〉, |R– 〉] in a 
Hilbert space formulated for this analysis. Here, 
the core vector |U〉represents the set of 
irreducible atomic sites within the nano well 
region, alongside a minimal representative set of 
atomic sites in the matching region. For an in-
depth discussion of the matching region and its 
implications, refer to References [15, 16, 19, 20]. 
The minimal set of atomic sites defining the 
vector [|U〉], essential for the atomic well, 
comprises thirteen sites. Utilizing the 
corresponding equations for the atomic well, it 
becomes evident that the resulting rectangular 
matrix of dimension (9×13) is insufficient to 
determine the eigenvalues and eigenvectors. To 
overcome this challenge, an adapted matching 
method is employed. 
 
Moreover, the reflected and transmitted waves 
are developed as linear combinations of vectors 
to define two finite spaces, the dimensions of 
which are intrinsically linked to the number of 
eigenvalues obtained during the study of two 
perfect waveguides. This approach is based on the 
following considerations: 

 

    ),( . )( . ),( . )(),,( 


 pRpmsnC
nn 

 Left region of the nano well (9) 

In the same way, for an atomic site of perfect right wave-guide (PRW), theHarrison coefficients can be 
expressed as follows: 

  ),( . )( . ),,( 


 pTmsnC
n

 Rightregion ofthe nano well(10) 

 

Furthermore, the quantities T and R in 

question are complex phase factors that 
standardize the ratio of group velocities. This 
standardization is instrumental in deriving certain 
physical quantities of interest. For sites situated 
beyond the defect region (RD), their 
characteristics can be explicated using the 
matching method [11,16]. This involves 
displacement by eigenvalues and vectors derived 
from the electronic study of the perfect left 

waveguide (PLW). Such a displacement results in 
the superposition of the incident wave with the 
electronic eigenvalues of the PLW at identical 
frequencies, as detailed in Equations 9 and 10. 
These equations are pertinent for sites located in 
the right region of the defect. 

The dynamics of electronic wave scattering and 
electronic wave behavior within the 
nanostructure, specifically the nanowell system, 
were meticulously examined. The integration of 
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the defect matrix (Md) with the matching matrix 
(Mr) results in the formation of a square matrix 
(Ms). This matrix operates on the vector set [|U〉, 
|R+ 〉, |R–〉 under a homogeneous square 
configuration. 

Det (I-MS(9X9)) = |0〉.(11) 
Where: 

 : dimension less frequency 
I: Matrix identity 
MS : square Matrix induced from the product of 
defect matrix and matching matrix 
 
 
The resolution of Equation 11 provides insights 
into the energies of localized electronic states 
near the atomic nano well, delineated as 
functions of the system's parameters. These 
states, traversing along the y-direction parallel to 
the extended atomic nano well, are characterized 
by a wave vector ϕy. Notably, these electronic 
states exhibit localization insofar as their 
electronic fields demonstrate evanescent 

behavior along the x-direction — perpendicular to 
the well — while concurrently propagating along 
the y-axis. 
This phenomenon is accentuated by the 
symmetry axis, observed in both the matching 
and surface regions flanking the atomic well. The 
states are further confined along the z-axis, 
orthogonal to the surface plane. It is critical to 
note that these localized branches reside outside 
the band of the bulk states, indicating a distinct 
electronic behavior. 
The localized states corresponding to the sites 
that represent the atomic wells are depicted in 
Fig. 3. These are articulated as a function of ϕy 
within its Brillouin Zone (BZ) and are influenced by 
the ratio of the jump integral between the defect 
Hssd and the bulk Hss , k= Hssd/Hss. This analysis 
enables the determination of the localized states 
under three different scenarios for the values of 
(k): soft, homogeneous, and hard, as illustrated in 
Fig. 3. 

 
 

 
 

 

-4 -3 -2 -1 0 1 2 3 4
-4

-3

-2

-1

0

1

2

3

4

5

L
o

c
a

li
z
e

d
 S

ta
te

s
A

rb
it

ra
ri

e
s

 u
n

it
s

 y

-4 -3 -2 -1 0 1 2 3 4
-5

-4

-3

-2

-1

0

1

2

3

4

5

L
o

c
a

li
z
e

d
 S

ta
te

s
a

rb
it

a
ri

e
s

 u
n

it
s

 y

-4 -3 -2 -1 0 1 2 3 4
-6

-4

-2

0

2

4

6

L
o

c
a

li
z
e

d
 S

ta
te

s
a

rb
ra

ri
e

s
 u

n
it

s

y

434



NeuroQuantology| February 2024 | Volume 22 | Issue 1 |Page 429-445| doi: 10.48047/nq.2024.22.1.NQ24038 
A, Zouaneb et al/ Quantum Electronic Properties of Low Dimension System with Break Symmetry 
 

       eISSN1303-5150                                                                                                                                                               www.neuroquantology.com                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      

 

Fig.3: Localized Branches of Electronic States in Softening, Homogeneous, and Hardening Cases as a Function 
of Incidence Angle φy in their Brillouin Zones 

 
IV. State Density at the nano well structure 
In the realms of solid-state and condensed matter 
physics, the concept of the density of electronic 
states (often abbreviated as DOS) plays a pivotal 
role. It provides a quantitative measure of the 
number of electronic states that are likely to be 
occupied at a given energy level within a material. 
Typically denoted as D(E), the density of states 
essentially reflects the available electronic states 
within an energy range ( E ) and ( E + dE ), per unit 
volume of the solid or per unit cell of the crystal 
under study. 

This concept is not limited to fermions but 
extends to bosons as well (such as photons and 
phonons), making it a fundamental aspect of 
understanding particle behavior in various 
materials. This quantity, pivotal to the field, can 
be accurately calculated once the dispersion 
relation within the material is known. 
The most direct approach to compute the local 
spectral densities and densities of states (LDOS) 
for each site involves the use of local Green’s 
functions. These functions can be formally 
expressed as outlined in references [17, 21, 22, 
23, 24]: 

 

G(  + i ) =  [ I – D( j ,eiy)] – 1                                          (12) 

The general form of the DOS of the electronic states per atomic site p, denoted as Dp(), is obtained as a 
sum over the trace of the spectral density matrix 
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In the following section the DOS are calculated and presented for the electronic atomic sites of the defect 
domain, sites (1), (2), (3), (6)and (7) identified in Fig.3. 
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(d) 

 

(e) 

Fig.4 State Density Curves of Nano Well Sites as a Function of Dimensionless Frequencies Across Various 
Cases: 

(a) Bottom Site (1) in Softening, Homogeneous, and Hardening Cases; 
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(b) Corner Site (2) in Default, Homogeneous, and Hardening Cases;  
(c) Corner Site (3) of Surface in Default, Homogeneous, and Hardening Cases ; 
(d) Site (6) of Surface in Default, Homogeneous, and Hardening Cases;  
(e) Corner Site (7) of Surface in Default, Homogeneous, and Hardening Cases. 
 
 
V.Coherent transportvia the nanowell 

In this part of the work, we are interested in the 
electron wave scattering through a surface atomic 
well, which represents a surface defect that 
diffuses the electronic wave into a reflected part 
and a transmitted part. By using the Landauer–
Büttiker [5, 6, 25] formalism therefore we 
determine the coefficients the transmission and 
reflection coefficients. Toanalyze the scattering in 
the presence of an embedded nanostructure, 
such as the extended well in Fig1a, it isessential to 

know the evanescent || <1, as well as the 

propagating solutions || = 1, for a complete 
description of the scattering processes. In the 
absence of strong interactions between the 
elementary spin excitations in the films, these do 
not couple and we can treat the scattering 
problem for each eigenvalues separately. For a 

electron incident along the x-direction at agiven 
φy and frequency Ω, the scattering at the 
boundary yields coherent reflected and 

transmitted fields. Let r and t’denote the 
reflection and transmission coefficients that 
describe the scattering from incident electronic 

statej into mode j_. For sites in the films distant 
from the boundary, the Harrison coefficientfield 
{ζp}, n ≤ −1,and n ≥ 1, may be expressed in terms 
of an appropriatesuperposition of the 
eigenvaluesof the perfect film at thesame 
frequency.Calculate the reflection and 

transmission cross sections r’ 

Andt’, and these are calculated at the scattering 
frequencyΩ, in the form 
 

R’= (vg’ /vg)|R’|2 

T’= (vgj’ 

/vg)|T’|2.(14) 
The scattering cross sections are normalized with 
respectto the group velocities of the electronto 

obtain unitarily for the scattering matrix. vgis the 

group velocity of the eigenvalue, it is equal to 
zero for evanescent modes. Furthermore, it is 
possible to define total reflection andtransmission 

cross sections for a given eigenvalueat frequency 
Ω, by summing over all the contributions of the 
scattered electrons[12, 26] 

r(φy,Ω) = Σ’r’(φy,Ω) 

t(φy,Ω) = Σ’ t’(φy,Ω).(15) 
In order to describe the overall transmission of a mesoscopic multichannel system at a given frequency Ω, it 
is also useful to define the total electron boundary conductance, 
Or transmittance, σ(φy,Ω) 

σ(φy,Ω) = ΣΣ’ t’(φy,Ω). (16) 
 
The sum is carried out over all input and output 
channels at the frequency Ωand angle φy. The 

transmission scattering cross section t(φy,Ω) per 
incident electron j, and the conductance of the 
system σ(φy,Ω), are important quantities to 
calculate as each corresponds to experimentally 

measurable observable. The curvethe reflection 
and transmission scattering cross sections, for 

eigen value = 1 forφy= 0, as a function of the 
dimensionless frequency Ωare presents for three 
case of Harrison coefficients in Figs.3 (a) 
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(a)             (b) 

 
(c) 
Fig.4: Numerical Analysis of Reflection and Transmission Scattering Cross Sections for Electron State j = 1 at 

φy = 0 Across Various Cases as a Function of the Dimensionless Frequency Ω:(a) Softening Case;(b) 
Homogeneous Case; and (c) Hardening Case. 

 
VI. Transport Heat via the nano well 
The exploration of electronic heat transport in 
low-dimensional systems has unveiled intriguing 
facets of quantum resistance, particularly in the 
context of charge transport within various 
geometrical configurations. This area of study, 
closely linked to quantum transmission problems, 
was profoundly developed by Landauer over two 
decades ago and represents a significant 
theoretical unification. Modern interpretations of 
Landauer's idea translate into a formulaic 
approach for conductivity assessment between 
two ideal electrodes. 
Thermal conductivity, as referenced in [13, 27, 
28], is largely dependent on material composition 
and temperature. Generally, it correlates with 
electronic conductance. From an atomic 
perspective, thermal conductivity is linked to two 
primary behaviors: the movement of charge 
carriers (electrons or holes) and the oscillations of 
atoms around their equilibrium positions. In 

metallic substances, the predominant factor is the 
free movement of electrons, whereas in non-
metals, ionic vibrations hold greater significance. 
Consequently, thermal conductivity is inherently 
connected to both electronic conductivity 
(movement of charge carriers) and the material's 
structural integrity (atom vibrations or phonons). 

In our research, we focus exclusively on thermal 
conductivity attributed to electron movement 
within atoms. To this end, our initial step involves 
calculating electronic conductance, a critical 
parameter for determining thermal conductivity. 
The conductance of the waveguide, σ (φy,Ω), in 
conjunction with the Fermi-Dirac distribution, 
plays a pivotal role in our analysis. For the net 
heat current, ( , ( ))in T q , across the defect 

between two ends of the waveguide maintained 

at marginally different temperatures (T+T > T), 
we adopt a comprehensive approach: 
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In general, the photonic contribution and the electronic(Fig.5) one ensure the thermal conductivity, more 
than the magnetic contribution in the case of ferromagnetic metals. In this work, we are investigating the 
electronic contribution; where charge majority carriers carry the heat which are the electrons provided by 
the electronic state at the bulk. 

 
Fig.5 The calculated total electronic conductance, σ(φy,Ω), across the inhomogeneous well boundary, for 

electron incidentfrom within the very thin electronic atomic films under study. 
 

The accompanying histogram delineates the 
electron conductance observed within thin 
electronic films. Fig.6 presents the thermal 
conductivity as a function of temperature, 
alongside the ratio between the Harrison hope 
integral at the defect site and in the bulk for the 
softening, homogeneous, and hardening cases. 
Our analysis reveals a notable trend: the thermal 
conductivity curves exhibit an increase with 
temperature, progressing towards an asymptotic 
limit. 

This observation underscores the dynamic 
relationship between thermal conductivity and 
temperature in these specific cases. The data, as 
represented in the histogram, offers a clear visual 
interpretation of how electron conductance in 
thin films correlates with varying thermal 
conductive properties under different thermal 
scenarios. Such insights are crucial for 
understanding the heat transport mechanisms in 
low-dimensional electronic systems and their 
dependence on temperature and structural 
anomalies. 

 

 
Fig.6: The curve of the thermal conductivity as a function of the temperature and three case of ration k of 

hopping integral at the defect. 
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VII. Results and Discussion 
The electron film may be calculated for any given 
choice of the normalized wave vector φy, and 
their dispersion branches presented as a function 
of φy. There are in general two electron branches 
in the present case, and these may be symmetric 
or asymmetric with respect to the central axis 
along the x-direction. Symmetric electronic state 
correspond to Harrison coefficient that satisfy the 

conditions𝜉𝑛,𝑠,𝑚
± =𝜉𝑛,𝑠,𝑚+1

∓ , whereas asymmetric 

modes satisfy the condition 𝜉𝑛,𝑠,𝑚
± = 𝜉𝑛,𝑠,𝑚+1

± , and 

m is the total number of atomic planes along the 

z-axis Typical electron dispersion branches, =1, 2 
are presented in Figure 2 for φy= 0. These are 
propagating modes in the frequency intervals 
Ω1 = [0,Ω1,max = 3] 
Ω2 = [1,Ω2,max = 5] 
 
In our analysis, we identify two distinct electronic 
states within the studied system: an acoustic 

electronic state = 1, characterized by a 
frequency approaching zero as φy does the same, 

and an optical electronic state = 2. The 
dispersion functions associated with these states 
are noteworthy for their symmetry with respect 
to the ox-axis and their nonlinear nature, 
indicating their dispersive character. 
Crucially, we observe that defects within the 
system induce electronic states that manifest 
approximately the defect and propagate along the 
high symmetry axis, Oy. These localized states 
diminish on either side of the defect, effectively 
disrupting translational symmetry in the direction 
perpendicular to it. The number of localized state 
branches is intrinsically tied to the nature of the 
defect and the minimum number of sites required 
describing it. In our specific case, we discern nine 
such branches. We have examined the localized 

states across three different scenarios of the 
Harrison coefficient: soft, homogeneous, and 
hard. An interesting observation is the 
displacement of localized state branches at the 
upper limit of the bulk band towards higher 
frequencies with an increase in the Harrison 
coefficients. Conversely, branches at the lower 
limit of the bulk band tend to shift towards lower 
frequencies.Fig. 4 presents the densities of states 
associated with these localized electronic states. 
Our focus is on the densities of states 
corresponding to the minimum representative 
sites of the atomic wells, specifically sites (1), (2), 
(3), 6, and (7). Due to symmetry, the density of 
state curves for sites (2) and (3) are akin to those 
for sites (4) and (5), and similarly, those for sites 
(6) and (7) correspond to sites (8) and (9). Fig. 4(a) 
shows the evolution of state densities for atomic 
site (1) – the central point of the atomic well – as 
influenced by varying well Harrison coefficients. 
Similar spectra for atomic sites (2), (3), (6), and (7) 
are depicted in Figs. 4(b), (c), (d), and (e), 
respectively. These theoretical results offer 
general insights into the spectra, calculated for 
(φy = 0) – the long-wave limit that is accessible to 
experimental techniques like Raman light 
scattering and infrared methods. It's noted that 
these spectra remain negligible beyond (Ω= 5.26 ). 
The atomic sites (1), (2), (3), (6), and (7) hold 
particular significance as they characterize the 
atomic well in real space. Site (2) is the corner site 
within the well, site (1) represents the well's 
bottom, and site (3) is the corner atomic site at 
the surface. Sites 6 and 7 denote the well sites in 
the surface matching region. For site (1), the 
spectra in Fig. 4(b) reveal three distinct peaks, 
which are tabulated in Table 1 for three different 
Harrison coefficient cases. 

 

Site 1 
 

Softening, range of variation 

=[0,5.13] 

Homogeneous, range of 

variation=[0,5.26] 

Hardening, range of variation 

=[0,5.26] 

Ω1=1.001,peak height0.329 Ω1=1.52,peak height0.36 Ω1=1.86,peak height0.41 

Ω2=3.001,peak height0.92 Ω2=3.13,peak height0.91 Ω2=3.76,peak height0.91 

Ω3=3.80,peak height0.655 Ω3=4.93,peak height0.52 Ω3=4.93,peak height1.12 

Table 1:Values of Ω for site (1). 
 
The peak position change with changing k. It is however, noticeable that softening the k parameter gives rise 
to an increasing ratio between the peak heights for the spectra along the well symmetry especially, for the 
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first and second peaks with increasing frequency.on the other hand for the third peak at a higher frequency 
position sees its height reduce the same behavior in the homogeneous and hardening parameters In table 2 
we present the variation of the peaks for the various parameters k of site 2 at the corner of the nano well 
 

Site 2 

Softening, range of variation 

=[0,5.26] 

Homogeneous, range of 

variation=[0,5.26] 

Hardening, range of variation 

=[0,5.13] 

Ω1=3.868,peak height0.913 Ω1=2.868,peak height0.478 Ω1=1.41,peak height 0.183 

Ω2=0 Ω2=3.01,peak height0.36 Ω2=2.93,peak height0.573 

Ω3=0 Ω3=4.93,peak height1.26 Ω3=3.01,peak height0.255 

Table 2: Values of Ω for site (2). 
 
The behavior of the density of state in soft case is particular since it presents only onesingle peak at a 

frequency = 3.868 with the peak 0.913unlike other sites.In the homogeneous the heights of peaks 

decreases to=[0, 0.36] then increases with frequency to reach a height of 1.26,which makes it look 
rough.The behavior of the state density in the hard case is the same as in the previous case.The behavior of 
the state density of site 3 at the corner of the well and at the surface is presented in table3 
 
 

Site 3 

Softening, range of variation 

=[0,5.26] 

Homogeneous, range of 

variation=[0,5.12] 

Hardening, range of variation 

=[0,5.13] 

Ω1=0.867,peak height0.06 Ω1=0.934,peak height0.077 Ω1=0.934,peak height 0.0726 

Ω2=2.401 peak height0.792 Ω2=2.934,peak height 1.02 Ω2=3.01,peak height 1.22 

Ω3=3.08 peak height 0292 Ω3=3.463,peak height 0.261 Ω3=3.8,peak height0.22 

Ω4=3.868 peak height 0581 Ω3=4.934,peak height 0.864  

Table 3: Values of Ω for site (3). 
 
The behavior of the density of states of site (3) in the case where the Harrison coefficients are soft is 
fluctuating, it increases until the frequency Ω3 = 3.08 then decreases until the frequency 3.08 then increases 
until the frequency Ω4 =3.868, the same in homogeneous and hard case. In tables 4 and 5 we present the 
details of the positions of Fabry Perrot's oscillation picks for the 6 et7 close tothe surface. 
 

Site 6 

Softening, range of variation 

=[0,5.20] 

Homogeneous, range of 

variation=[0,5.20] 

Hardening, range of variation 

=[0,5.20] 

Ω1=0.267,peak height0.033 Ω1=0.401,peak height0.022 Ω1=1.401,peak height 0.044 

Ω2=0.867 peak height0.030 Ω2=1.33,peak height 0.083 Ω2=1.534,peak height 0.109 

Ω3=1.334 peak height 0117 Ω3=1.53,peak height 0.14 Ω3=1.734,peak height0.145 

Ω4=1.534peak height 0.1077 Ω4=1.73,peak height 0.112 Ω4=2.001peak height0.309 

Ω5=1.734 peak height 0.171 Ω5=2.01 peak height 0.339 Ω5=2.268 peak height 0.331 

Ω6=1.868 peak height 0.231 Ω6=2.134 peak height 0.1401 Ω6=2.534 peak height 0.277 

Ω7=2.134 peak height 0.28 Ω7=3.268 peak height 0.215 Ω7=2.60 peak height 0.318 

Ω8=2.668 peak height 0.127 Ω8=3.40 peak height 0.137 Ω8=2.73 peak height 0.277 

Ω9=2.868 peak height 0.10 Ω9=4.20 peak height 0.69 Ω9=3.001 peak height 0.687 

Ω10=3.06 peak height 0.107 Ω10=3.001 peak height 0.687 Ω10=3.20 peak height 0.093 

Ω10=3.06 peak height 0.107 Ω11=3.20 peak height 0.093 Ω11=3.40 peak height 0.120 

Ω11=3.33 peak height 0.13 Ω12=3.40 peak height 0.120 Ω12=3.53 peak height 0.149 

Ω12=3.468 peak height 2.234 Ω13=3.53 peak height 0.149 Ω13=4.93 peak height 1.088 

Ω13=3.734 peak height 0.452 Ω14=4.934 peak height 1.088 Ω14=0 
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Ω14=4.06 peak height 0.727 Ω15=0 Ω15=0 

Ω15=4.334 peak height 0.692 Ω16=0 Ω16=0 

Ω16=4.53 peak height 0.69 Ω17=0 Ω17=0 

Ω17=4.73 peak height 0.19 Ω18=0 Ω18=0 

Ω18=4.93 peak height 0.163   

Table 4: Values of Ω for site (6). 
 
The density of state of site 6 is different from other cases it presents many oscillations, the largest of which is 
located at the frequency Ω12 = 3.468 with a maximum height of 2.234, therefore the shape of the curve is 
rough 
 

Site 7 

Softening, range of variation 

=[0.4,5.08] 

Homogeneous, range of 

variation=[0.467,5.13] 

Hardening, range of variation 

=[0.601,5.20] 

Ω1=1.134,peak height0.181 Ω1=1.134,peak height0.987 Ω1=0.934,peak height 0.0359 

Ω2=1.268 peak height0.241 Ω2=1.26,peak height 0.149 Ω2=1.134,peak height 0.493 

Ω3=1.60 peak height 0.3101 Ω3=1.468,peak height 0.193 Ω3=1.268,peakheight0.10824 

Ω4=1.734 peak height 0.258 Ω4=1.734,peak height 0.229 Ω4=1.468peak height0.121 

Ω5=1.934 peak height 0.158 Ω5=1.934 peak height 0.133 Ω5=1.601 peak height 0.178 

Ω6=2.06 peak height 0.235 Ω6=2.068 peak height 0.146 Ω6=1.801 peak height 0.119 

Ω7=2.134 peak height 0.0823 Ω7=2.201 peak height 0.157 Ω7=2.201 peak height 0.0789 

Ω8=2.334 peak height 0.467 Ω8=2.334 peak height 0.364 Ω8=2.934 peak height 1.161 

Ω9=2.584 peak height 0.6107 Ω9=2.534 peak height 0.483 Ω9=3.134 peak height 0. 

Ω10=2.80 peak height 0.329 Ω10 =2.934.001 peak height 
0.843 

Ω10=4.734 peak height 0.0937 

Ω11=2.86 peak height 0.3.57 Ω11=4.934 peak height 0.471 Ω11=0 

Ω12=4.068 peak height 0.1593 Ω12=0 Ω12=0 

Ω12=0 Ω13=0 Ω13=0 

Ω13=0 Ω14=0 Ω14=0 

Ω14=0 Ω15=0 Ω15=0 

 
Table5 : Values of Ω for site (7). 

 
Note also, that the state density of site (7) is very 
fluctuating it presents several oscillations, the 
largest of which is located at the frequency Ω 9 = 
2.584 with a maximum height of 0.6107, thisthat 
gives it a rough shape in the case where the 
Harrison coefficients are soft. However in the 
homogeneous case the largest pick is located at 
the frequencyΩ1 = 1.134, with a maximum height 
of 0.987 i.e. at low frequencies on the other hand 
in the case where the Harrison coefficients are 
hard the largest peak is located at the 
frequencyΩ8 = 2.934 with a height of 1.161from 
left to right with increasing frequency. The ratio of 
the peak heights may hence yield 
possibleinformation in experimental research to 
compare with theoretical results. 
For the (1) atomic site, at the bottom of the well, 
the spectra in Fig.4(a)Are also particularly 

sensitiveto the variation of the Harrison 
parameters in the well region. However, it is seen 
along the direction normal to the well (the x-axis), 
that the peakfrequency varies as a function of the 
ration k. In particular, the peak frequency for 
hardened kis less than the peakfrequency for 
softened k. Though this is not conclusive in itself, 
it may be combined with an analysis ofthe spectra 
along the other.  
It is seen that the ratio between the heights of the 
first and third spectral peaksshow strong 
tendencies, depending on whether the well region 
suffers Harrison parameter softening or 
hardening.This ratio is significantly smaller than 
one for hardening, and comparable to one for 
softening. In conclusion, the electronic dynamics 
for a simple model system of an extended atomic 
well in acrystalline surface are presented.  
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VIII. Conclusion and perspectives 
In our study, we have rigorously established a 
complete cartography of the evanescent 
electronic field surrounding the atomic well, 
employing the matching method. This method 
offers a distinct advantage over alternative 
approaches such as the cluster numerical 
approach. Beyond its transparent nature 
throughout the calculation stages, it provides an 
exact and rigorous analytical formulation of the 
electronic field's Harrison parameters, extending 
to the infinite limit without reliance on numerical 
approximations. This computational approach 
efficiently calculates the electronic states parallel 
to the extended atomic well. Furthermore, it 
yields detailed electronic spectra in real space for 
the atomic sites defining the atomic nano well. 
The resultant spectra, when compared with future 
experimental results, could offer valuable insights 
into the Harrison parameters of a surface atomic 
well. 

A noteworthy observation from our analysis is 
that across all sites, the state density curves 
exhibit Fabry-Perot oscillations. These oscillations, 
stemming from the interplay of localized states 
with bulk states, vary in number; they increase for 
sites closer to the surface and decrease with 
higher Harrison coefficients. This trend is evident 
in the curves for sites (6) and (7), with detailed 
descriptions provided in various tables. The 
transmission and reflection coefficients we 
observed show sensitivity to variations in the 
Harrison parameters. Specifically, there is a 
discernible decrease in transmission and a 
corresponding increase in reflection with the 
escalation of these parameters. Moreover, we 
note a decrease in thermal conductivity with the 
augmentation of the Harrison parameters from 
the soft to the hard case, which is logically 
consistent with the reduction of energy due to 
friction. 

In future work, we aim to expand our study to 
incorporate the interaction of electrons with 
other quasi-particles such as phonons, offering a 
more comprehensive view of the dynamics within 
these systems. 
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