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ABSTRACT

A mathematically entangled system can be defined as a system that can not be divided into multipliers by multiplication
but can be separated by a scalar multiplication (Duran and Gengten, 2015). Quantum entanglement is a physical
phenomenon which occurs when pairs or groups of particles are generated in ways such that the quantum state of
each particle cannot be described independently of the state of the other(s). In this study, it is argued whether the
phenomenon of entanglement can be regarded as a sign of higher dimensions of the universe. It is concluded that,
the physical application of mirror-reversed operations can be predictors for higher dimensions; it can be used as a
boundary condition for the solution and prediction of higher dimensional quantum physics.

Key Words: Entanglement, Higher dimensions, Quantum operators, Scalar product, Boundary conditions.

DOI Number: 10.14704/nq.2019.17.03.1947

NeuroQuantology 2019; 17(03):86-93

Introduction

The different properties of quantum mechanics
reveals its nature in many suprising ways than
the way classical physics predicts. One suprising
and distinguishing feature of quantum mechanics
manifests itself in a phenomena called as quantum
entanglement which dates back its theoratical
basis in the discussion of Einstein, Podolsky and
Rosen which is known as EPR paradox as well
as its experimental implication verified by Alain
Aspect and co-workers. The authors of EPR paradox
argued that if knowledge of one member of a pair of
conjugate physical quantities precludes knowledge
of the other quantity, then it implies that either (1)
the description of reality given by the wave function
in quantum mechanics is not complete, or (2) the
two conjugate quantities cannot have simultaneous
reality (Cramer, 2016).

The experiments like Alain Aspect and co-
workers and the group of Anton Zeilinger showing
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that there exists a phenomenon as entanglement
still preserves its mysterious nature which is a little
bit quirky for our classical perception as well as
explanation of the World. Therefore, some physicists
are arguing that there are three possible explantaion
for the entanglement.

i- First option is that over the given distance the
results of the experiments, that are performed
up until now, might give the impression of the
existence of a Messenger which moves faster than
the speed of light that is forbidden by theory of
special relativity.

ii- Second option is that the inexplicable correlation
of the particles could be the result of a field
comparable with the electromagnetic field that is
unlikely, because the observed results cannot be
realised by phenomena such as fields.

iii- As a last option, connection between the particles,
implies an extra hidden dimension that we still
cannot detect which is more realistic choice
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because different models and theories such as
string theory, general relativity, Kaluza and Klein's
model for fifth dimension etc. predict that our
universe should have more than four dimensions
as well (Dietrich and Been, 2003).

Hence, in this paper, mathematically it is
argued whether quantum entanglement has any
proporties regarding higher dimensions. Moreover,
it will be tried to argue how can scientists living in
a less dimensional space realize whether they are
living in a more higher dimensional universe or not
by using quantum entanglement and envisage it by
using some mathematical operators?

Entanglement

When two systems are entangled, the state of each
composite system can only be described with
reference to the other state. If two states are not
entangled, it can be said that they are a product
state or separable. The mathematical definition of a
product state can be given as follows: If |t//> eH,
and |¢>>EHB and |)(>:|1//>®|¢>, then |;(>is a
product state (McMahon, 2008). One simple test that
can be applied to states in C* is the following: Let we
have a vector as in (1)

(1)

SH

This state is separable if and only if (McMahon, 2008).
ad =bc (2)

So it can be said that any state that cannot be
seperable could be defined as entangled state. For
example, if the seperability test (2) is used for famous
one of Bell states that are clearly entangled states,
one can easily infers that they are not seperable as
given (3) for |ﬂoo> as an example as follows:

1

|M=%=% g (4)

1

Another simply way to define quantum
entanglement can be defined in terms of scalar
product. Let define two |‘Pl> and ‘ ‘~I’j> as the vectors
in which i and j =0,1,..., n which are qubit-qutrit etc.
base indexes

Where
8, =lifi=j.5,=0if i+ (5)

and, (),i,ﬁ is the unit vectors for the direction
of the bases (Duran, Gengten, 2016).

|\Pi>U‘\P/‘>: |le> “P1>5y (6)

where é'ij =li=j ;5[.]. =0i=j (7)

This formula implies that entangled states
cannot be seperated by clasical multiplication but
can be seperated by scalar product.

For example let we have an Bell state like
1
fo =5 (0)1)+[D]0))

In classical multiplication we cannot seperate
the product because we don’t have common vectors
for braketing but we can do this by dot product
(symbolized as U fort his study) in terms of two
vectors defined as

)= [0}1+ )3, [9)=[1) i+ [0)] )
We can “seperate” the Bell state £, in terms
of scalar product which is symbolized as Uin this

paper

1
180 =5 (0)1)+/1]0)
= (0)i+[1) ) (1) +]0) /)

[y}

(10)

This definition treat entangled states as form
of a particular entity glued by two seperate vectors
in two dimensional space.

Higher Dimensions

The concept of higher dimension is an intriguing
concept that could be difficult especially for the
dimensions higher than 3 for mortal-beings like us.
However, the 3d space can be regarded as a higher
dimension for an ant mostly living in two dimensional
plane, or somebody balancing on the rope (Randall,
2016).

Someone Slacklining on a rope can be given as
an example for a being that is restricted in 1d space if
this person wants to stay on balance at ease. However
similar rope can be defined as a 3d space for a fly for
example as given Fig. 2 because a fly can move any
direction it wants at ease.
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Figure 2. Fly on a similar rope in Figure 1 is restricted in 3d space.

Therefore, it would be much more easy to
understand how a being in lower dimensions can
sense the world around himself such as in case
of a 1-dimensional being stuck in 2-dimensional
plane, or 2d being stuck in 3d cube to make sense
of the higher dimensions. Flatland: A Romance of
Many Dimensions Written pseudonymously by “A
Square” which is a satirical novella by the English
schoolmaster Edwin Abbott Abbott, first published in
1884 can be regarded as good example for this kind
of investigation. Abbott was actually interested in the
provocative notion that welive in a universe with four
(or more) dimensions—a notion with much modern
currency given contemporary theories in physics.
Abbott constructed a world restricted within a plane
and described how that world would be perceived by
beings from a three-dimensional world, a world he
called “spaceland.” (Fraigman, 2003).

Contrary to 18% centuries concepts of
mathematics and physics, many modern physical
concepts are not foreign to concept of higher
dimension today. Einstein’s theory of general
relativity, for example, takes 3d space and time as a
4d structure. Many modern theories such as string
theory also propose models for higher dimensions.
Hence, it would be more realistic to investigate some
“strange phenomena” in terms of higher dimensions.

For this reason, it would be better to imagine
how a 1d being can distinguish itself whether it
really resides in a 1d space or it is actually living
in 2 or more dimensional space but some kind of
intrinsic or extrinsic restrictions (just as given in
the rope example in Fig. 1 and Fig. 2) make itself to
misapprehend that it lives in 1d-space. First of all,
in a 1d space, there are only 0d beings as dots and
1d beings as sticks. 1d space can be line, parabola,
circle, ellipse. In a line, 0d or 1d being only moves
back and forth. In a circle, it can only slide clockwise
or counterclockwise. In contrast, a being wandering
around inside of a circular room experiences 2D
motion (McMullen, 2013; Weeks, 2002).

Let’s assume that there exists 1d vectorial being
residing in +i direction represented mathematically

1
in terms of qubits as |O>:[ } Unless there is a

-1 0 "
actin
0o ol
|0> , it is impossible to achieve the mirror-reversed
image of this particular 1d-being because only

mirror-reversed operatdr as o, :{

I 0
identity operator as [ ={0 O} can act upon this 1d

vectoral being in a real physical setting. Therefore, if
it was somehow achived mirror-reversed image of
this 1d vectore, there would be two options as i) there
is a rotation operator acting higher dimensions or ii)
there is a force sucking this 1d being and releasing
it back it in the reverse dimension. Hence, it can be
said that 1d being residing on a line might have a
chance whether it actually lives in 1d or mor higher
dimensions. In other words, if his 1d space is some
kind of curved line such as parabola, circle, ellipse,
and due to the curvature he feels makes him to deduce
that he has a sort of curved higher dimensional space
but this doesn’t guarantee his assumption because it
might be only the 1d space has a intrinsic curvature
without reference to any higher dimension.

It should be noted that 1d shouldn’t be limited
with the shape of a line as given in the rope example,
but it could also be a curve like a parabola or a circle.
Therefore 1d space has many forms such as line,
parabola, circle and ellipse (Fig. 6).

Curves are effectively 1D because any object
living in such a space would have the same limited
freedom that a line has. The difference is that a being
can only go forward or backward in the line whereas
the same being sliding back and forth along the tail
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mirror-reversed
reflection of 1d
vectorial being on
the +i dimension
corresponds to
rotation on a plane

i
a 1d vectorial being
on the +i dimension

mirror-reversed reflection 1d
vectorial being
on the +i dimension

Figure 3. A 1d vectoral being can only gets its mirror reversed direction
via someforce or higher dimensional rotation around an axis

WD -
W= -~
WAERSD -

Figure 4. Mass on a string in done dimensional space with respect to time
having mirror-reversed reflection implies wave pattern in 2d

line parabola circle ellipse

Figure 5. 1d space has many forms such as line, parabola, circle and
ellipse (McMullen, 2013).

==
=3

Figure 6. A being having constant speed (except for 0 speed) feels some
kind of a ghost force because of the change of the direction of the velocity.

(McMullen, 2013). Consequently if a being living in a
curved 1d space, it “feels” the curvature with either
a constant velocity or with accelarated motion as “a
ghost force”.

For example, if the object travels in a uniform
speed in a circular path it feels as centripetal force
and define this some sort of a gravity or ghost force
because the direction of the velocity is changing
altoughits speed constant. The change in the direction
of the velocity results in inward acceleration and
because of the famous formula of F= dp/dt=mdv/
dt=ma, the beings feels some kind of inward ghost
force that is the direct result of its curved-space
time which is ellagantly explained Einstein’s famous
elevator thought experiment.

In this thought experiment, Einstein used
equivalence principle stating that “there is no
experimental setting allowing to distinguish
between a gravitational field and an equivalent
uniform acceleration in a small volume of space”
for the formulation of the fundementals of General
Relativity. Hence, the path of the beam of light is
the same as a curve in both gravitational field and
accelerating frame. Hence, change in the directions
of the velocity in 1d or particular dimensions means
a change partially or fully in a mirror-reversed
reflection and this implicitly indicate either a force
or a hidden dimension in this regard.

As mentione above, a vectoral being restricted
in 1d space c cannot get its mirror reversed reflection,
unless itis rotated in higher space or a force that suck
the vector in a opposite direction and reverse it back
to it such as mass on a spring system with respect
to some reference frame. Actually existance of such
a force create an extra dimension so as to achieve
mirror-reversed reflection of the vector by itself.
Hence wave pattern of such a mass on a string system
in 1 d space in done dimensional space with respect
to time having can create and expand its space onto
2d where the dimension as time can be regarded
and depicted as the one dimension wave pattern in
real physical space as given Fig. 4. Hence, it can be
inferred that existence of a mirror operator o may
imply the existence of higher dimensions whether
this is achieved by rotation in higher dimensions or a
some kind of force creating this dimension(s) as well.

A 2d vectoral being can only gets its mirror
reversed image (Fig. 8) via someforce or higher
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acceleration

zero motion

constant velocity

Figure 7. The path of the beam of light is the same as a curve in both
gravitational field and accelerating frame according to equivalence
principle.

Mirror reflection
about y axis

0
1) = [{]
2
: AQ:> 1
= p—
|0) 10) =[]
Mirror Mirror
i Mirror reflection
1) ﬂ F |0) about x axis
Mirror reflection ‘
about origin |0) 1)

Figure 8. Mirror-reflection of a 2d-being.

dimensional rotation around an axis in extra-
dimension. Similarly, A 2d vectoral being restricted
in 2d Euclidian space cannot get its mirror reversed
reflection by any kind of rotation within its space
(Fig. 9), unless it is rotated in higher space or a force
that suck the vector in both opposite directions and
reverse it back to it.

Anti-Clockwise h/—ﬂ Clockwise

|0) 1= [{]

m oo
[0) <=u [1)

[1) [0)

Figure 9. No rotation in a restricted 2d can give a mirror reversed
reflection of 2d vectorail being (a)

Hence, existance of a mirror operator ¢ may
imply the existance of higher dimensions. This can be
expanded into higher dimensions for vectoral beings

in 3d, 4d and so on. Therefore, it can be said that, the
existence of a operator that physically makes vectors
to mirror-reversed forms may imply the existence of
higher dimensions as well.

Methodology

In this part we are trying to examine entanglement
in different dimension as the modified version of
equation (1) and trying to argue whether there
is any mathematical implication that can be used
fort he existance of higher dimensions in terms of
entanglement.

Analysis

In the first part of the analysis it is imagined that
entanglement in terms of scalar product is restricted
by 1d. Because there is only one dimension in 1d
space, the entanglement formula in equation (6) can
be given as follows:

|‘Pi>U ‘P_/> = |\Pz> ‘\P/‘>5y‘

=|¥)|¥,)8, =|¥,)|¥,) (7)
where 51.], =li=j ;54'1' =0i#j

The possible entangled states can be given
as|0>|0> and —|O>|O>. Hence there is only one
quantum state that can be given as |O> and there is
fundementally one operator as I which is identity
operator.

The dot product doesn’t directly imply the
existance of higher dimensions because there are
two options for these states:

i- They are either vectors restricted within 1d.

ii- One of them or both of them is the
projection onto 1d fromavectorinhigher dimensions.

Similarly, the entanglement formula in
equation (6) can be given as follows for 2d:

|\Pi>U‘\P1>: 7)) ‘IP;'>5:‘/
=¥+ ) ¥)

where 6, =1i=j ;6,=0i# j (8)

Hence there are two quantum states that can be
given as |O> and|l> . Hence there are fundementally
two operators as [ which is identity operator and
X not operator and other Y, and Z defined as pauli
operators can be created different form of X operator.
The possible sets of entangled states can be given as
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The dot product doesn’t directly imply the
existance of higher dimensions because in spite
of the possibility of one or both vectors are from
a higher dimension. However it can be inferred
from the properties of dot product by separating
entangled states by two vector and acting a mirror
operator on those vectors. If there is a “physical”
operator that makes one of the separated vectors to
mirror-reversed direction and achieved a different
entangled state, it can be said that there will be a
higher dimensions somehow affecting the entangled
states. For example, let we have a one of the Bell
states and separate it as follows:

)= (0>0>fl>l>) _ <0>?+1>3>?<0>f 1)) (10)
2 2

If we act a identity operator and a mirror
operator o in xz plane as follows;

)
UL

V2
_100)i+[1) HQo..(0)i+[1).)
NG
_(0)i+[1) H(0)i-[1) /)
NG
LI |

V2

So for above equations if there is a “physical

operator” that makes |ﬂ00> to |ﬂ]0> it may be

implied that there is hidden dimension that rotates
vector so to convert them each other.

Results and Discussion

It is suggested by Dietrich and Been (2003) that the
two particles will remain connected through an extra
invisible dimension as Fig. 11. At the beginning there
is one particle and it will remain a unity because there
is a connection by means of a certain type of siliper
string, or even the real particle structure, running
through one of the extra invisible dimensions.
Actually, in the history of physics similar arguments
were proposed since the EPR paradox firstly

Possible
projection of

higher space

onto 1d )
Possible
(—— ()

projection of
higher space
Inner Space Outer Space

onto 1d

Figure 10. The dot product doesn’t directly imply the existance of higher
dimensions

(@ (b)

Figure 11. Schematic representation of the connection through an
extra dimension. a and b are alternative representations. p and q = two
particles of one pair originating from one initial event s. s = source of the
particle pair.— and « = quality such as the spin angular momentum of
the different particles. r = extra dimension.

published. For example, Louis de Broglie (1927),
David Bohm (1952), proposed a non-local hidden
variable theory proposing that a quantum particle
is governed by the (hidden) guiding wave, resulting
in what QM measurements showed. In our paper, we
try to argue what kind of a mathematical prediction
can imply higher dimensions for entangled states by
simple assumptions.

It can be argued that the mirror-reversed
operations doesn’t always indicate higher dimensions.
For example, A Klein bottle is a sort of surface where a
Flatlander could traverse a Mobius strip (Fig. 12).

Fig. 13

Return

Departure

Figure 12. When A Square travels around a Mobius strip he comes back
as his mirror image. (a) (Weeks, 2002).
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MIRROR

MIRROR REFLECTION "OUTSIDE" THE MOBIUS STRIP
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MIRROR
?dﬂo’ [

’2«.\ T LS
d
MIRROR
A

MIRROR REFLECTIONS WITHIN THE MOBIUS STRIP

Figure 13. even in a surface of a Mobius strip, a square never achieves its
mirror-reflection within its boundaries as well.

However, this mirror image is not its mirror
image within the surface but outside the surface,
even in a surface of a Mobius strip, a square never
achieves its mirror-reflection within its boundaries
as well.

This can be argued for much more simpler
geometries as well given Fig. 14. Let’s imagine a 1d
vectoral being restricted in the circumference of a
square, it can be obviously seen that it is not a 2d
being because it cannot rotate within a square just
as in case of Fig. 14 (c), however, it can achieve its
mirror image as given 14 (b), does it violate in our
generalization about mirror-reversed operations for
higher dimensions?

j}_ Mirror ﬁ

1d
{]} . Mirror \ = <:| E>
Motion along
the Square Motion& within
the Square

(2) (b) (©)

Figure 14. When a vectoral being moving along a square in as 1
dimensional being (a), it can achive its mirror images as given (b)

The answer is no, because, while our 1d being
restricted along the square, it can also rotate in a
plane based on some restrictions, hence altough it is
bounded by the circumference of a square, it actually
lives in a 2d plane and it can infer this by achiveing
it's mirror-reversed positions as given in Fig. 14 (b).
It should be note that motion along a square is similar
to motion within a square in this respect (Fig. 14 (c)).

Conclusion and Outlook

As discussed previous pages, mirror-reversed
operations might be clue for understanding the

higher dimensions. Finally we can discuss this in the
context of other conceptual tools for understanding
the nature of higher dimensions. Roughly speaking,
a sphere is like a circle, only one dimension bigger.
A hypersphere, or three-sphere, is the analogous
three-manifold one dimension bigger than a
sphere. The unit circle is the set of points in E*

that are one unit away from the origin. Anything
topologically equivalent to it is called a topological
circle and anything geometrically equivalent is called
a geometrical circle. The unit sphere is the set of
points in E? that are one unit away from the origin.
Anything topologically equivalent to it is called a
topological two-sphere and anything geometrically
equivalent is called a geometrical two-sphere. The
unit hypersphere (= three-sphere = S3) is the set of
points in E”that are one unit away from the origin.
Anything topologically equivalent to it is called a
topological three-sphere and anything geometrically
equivalent is called a geometrical three-sphere. How
can one visualize a three-sphere? To answer this
question, let’s take a look at how A Square might
visualize a two-sphere. Assume for the moment
that he’s interested only in its topology and not its
geometry. The northern and southern hemispheres
each become a disk in Flatland. The two disks are
superimposed and joined together along their
circular boundary (the equator). Thus, the task of
visualizing the two-sphere has been reduced to the
task of visualizing two superimposed disks. A two-
sphere may be represented topologically as two disks
with edges glued together. Similarly, a three-sphere
may be represented topologically as two solid balls
with surfaces glued together (Weeks, 2002).

Actually the hypersphere was defined in
physics fort he extension of Bloch Sphere for qutrits
by using scalar product (glueing product) to glue
the unit vectors of two co-centered spheres (Duran,
Gengten, 2016).

As discussed previous pages, it, is impossible
to achieve mirror-reversed version of a vector within
in a circle unless rotating it in a sphere (Fig. 15). One
of the suprising characteristic of hyper-spehere is
that it allows mirror-reversed operation as a rotation
which can’t be done within in a 3d-sphere (Fig. 16).

To summarize, the physical application of
mirror-reversed operations can be predictors for
higher dimensions, it can be used as a “boundary
condition for the solution and prediction of higher
dimensional quantum physics” just as done in
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K—\

ROTATION ABOUT DIRECTION
PERPENDICULAR TO CIRCLE

Figure 15. It is impossible to achieve mirror-reversed version of a vector
within in a circle unless rotating it in a sphere.

S|

WIIRROR
INNER SPHERE

OUTER
SPHERE

OUTER
SPHERE

ROTATION ABOUT THE DIRECTION PERPENDICULAR
TO INNER SPHERE

INNER SPHERE

Figure 16. It is impossible to achieve mirror-reversed version of a vector
within in a sphere unless rotating it in a hyper-sphere.

famous quantum finite potential well problems as
well as solutions of differential equations.

Recommendations

Firstly, Einstein’s equivalence principle can be used
in an experimental setting to investigate whether
the entangled states are glued within a particular
space or they are projection of higher dimensional

vectors. Just as the route of light in a gravitational
field, the entangled states might behave distinctively
so that their “intrinsic nature” will emerge and
they are separated in a different way enabling us to
understand the true mechanism behind the quantum
entanglement in terms of higher dimensions.

Secondly, as mentioned above, particular
forces can create its extra-dimensions, at least they
enable us to interpret phenomena such as particle on
a string given Fig. 4 in terms of higher dimensions.
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