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ABSTRACT 

In recent years, examining the information processing aspects of nature has received significant attention. In 

particular, entanglement has been shown to exhibit what is arguably the most distinctive and unique aspect of 

quantum information science. In this note, a numerical method is applied to the Bell inequalities for examining the 

range of nonlocality when imperfect measurements are performed at each end. A two-qubit direct protocol is also 

examined such that, unlike the Bell-type inequalities, the approach is not as stable as the indirect one against 

measurement errors in yielding the nonlocality. On the other hand, since many applications of quantum technology 

involve a particular type of entanglement, it is important to have a technique to manipulate correlations. In this 

paper, five chained 2-level entanglements are also examined with swapping protocols applied at each joint. It is 

numerically shown that there exists a class of states that approximate the optimal result, i.e., the weakest link. 
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Introduction 

Along with rapid development in the field of 

quantum computation (Deutsch, 1985; Shor, 1996; 

Kok et al., 2007; Ladd et al., 2010), researchers also 

have examined the possibilities of viewing nature 

as a computation (Hooft, 1999; Wolfram, 2002; 

Lloyd, 2006; Zizzi, 2006; Vedral, 2010; 

Schmidhuber, 2015). One may wonder what could 

be advantageous in this effort of treating a physical 

phenomenon as information processing. 

Traditional numerical simulation has often been 

regarded as an imprecise but handy tool in 

assisting the analytic approach. However, as far as 

classical natural phenomena are concerned, the 

more accurate description of nature may be based 

on a discrete model, which is better described by 

digital computational models. That is, a 

computational view of the universe may be not 

only a matter of convenience but in fact a more 

accurate description.  

Another important aspect of the 

information theoretic approach is that it treats the 

observing party and the physical system on an 

equal footing. This is so because information 

always involves the data provider, the physical 

system, and a party that receives and interprets 

the data into meaningful information. Indeed, this 

approach of treating the observer and the object at 

the same time is consistent with the orthodox 

interpretation of quantum theory. In this paper, we 

wish to examine one of important aspects of the 

information theoretic approaches, namely, the 

phenomenon of entanglement. The unique nature 

of quantum correlations were initially discussed, 

along with the development of the theory, in the 

early 20th century (Einstein et al., 1935), but Bell's 

pioneering work (Bell, 1964; Clauser et al., 1969) 

and subsequent delicate experiments (Aspect 

1982; Tittel et al., 1998; Yin et al., 2012; Yin et al., 

2017) have put entanglement at the heart of 

quantum information science (Bennett et al., 1993; 

Ekert, 1991;  Nielsen et al., 2000). 
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Stability  

In Bell-type inequalities, one may consider 

entangled qubits, where two different choices of 

measurement, i.e., 
1

A , 
2

A  and 
1

B ,
2

B , are made at 

each end. The average value of the correlation 

function ),(
ji

BAµ  and the locality assumption 

yields (Bell, 1964; Clauser et al., 1969)  

 

 2|),(),(),(),(|
22122111

≤−++ BABABABA µµµµ     (1) 

 

Given the inequalities, let us consider the 

following conditions,     

 

4

,

4

1212

ππ −≡+≡ BBAA                      (2) 

 

In such cases, Fig. 1 shows the inequalities 

in (1) as a function of 
1

A  and 
1

B . Since the actual 

measurement cannot be performed with perfect 

precision, it is desirable to seek the range of error 

or deviation that will still violate the inequalities. 

Let us consider the case when the error may occur 

with
2

A  and 
2

B  as follows,      

γπ −+==
4

,0
121

AAA   

 

δππ −−==
4

,

8

121

BBB  

 

In Fig. 2, the inequalities are shown as a 

function of γ  and δ  in the range of -1 and +1. It 

may be seen that there is also a significant range of 

freedom that yields nonlocality.   

 

 
 

Figure 1. The Bell-type inequalities are shown as a function of 
1

A  and 

2

B , where 

4

12

π+≡AA

 and 

4

12

π−≡BB
 are assumed   

 

 
 

Figure 2. Given γπ −+==
4

,0
121

AAA
, 

8

1

π=B

and 

δπ −−=
4

12

BB

, the inequalities in (1) are provided with respect to 

γ  and δ , which yield a substantial area that violate the inequalities   

 

Let us consider another example,   

γ+==
121

,0 AAA  

 

δπ −==
121

,

8

BBB  

 

In such a case, the range of measurement 

choice 
2

A and 
2

B  are examined such that it still 

violates the inequalities to yield the nonlocality. As 

displayed in Fig. 3, in the range of ),(, ππδγ −∈ , 

there is a wide region to violate the inequalities. 

Let us consider another case where 

4

,

8

,

4

,0
12121

πππ −==== BBBAA
. We wish to 

consider the following case,    

 

222111

, γγ −→−→ AAAA                 (3) 

 

Fig. 4 shows the violation of inequalities in the case 

of deviated choices of the measurement for 
1

A  and 

2

A  with parameters 
1

γ  and 
2

γ . Therefore, the Bell-

type inequalities, as in (1), yield the violation of 

locality even with a substantial deviation in 

measurement bases as numerically examined using 

figures.     
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Figure 3. The inequalities are shown as a function of γ  and δ  

where δπγ −==+== 121121 ,
8

,,0 BBBAAA in the range of 

),( ππ− . There is a significant range of freedom in yielding 

nonlocality   
 

 

 

Figure 4. Given 

4

,

4

,

8

,0
12211

πππ −==== BBABA
, the range of 

nonlocality is shown when 
111

γ−→AA  and 
222

γ−→AA  are 

imposed   

 

 

 
 

Figure 5. (i) shows the usual distribution of general two qubit 

correlation, whereas (ii) shows the distribution of 
1

λ  and 
2

λ  in (4) 

with parameter α  such that O's indicates when 

2

1
0 << α  and x's 

shows when 1
2

1 << α .    

 

Let us consider another type of nonlocality, namely 

the direct approach with the following state 

(Hardy, 1992),   

 

( )11))1(()1001)(1(00)1(

22234 ααααακ −−+−−−=Ψ  (4)  

 

where  

2242624

)1()1(2)1(

1

ααααα
κ

−+−+−
=      (5) 

 

and 10 << α . It was shown that when the 

measurement is made with bases }1,0{
1

≡M  and 

}101,110{

22

2

αααα −−−+≡M
 at each 

end, the nonlocal element in (4) may be directly 

argued. The proof goes as when it is measured with 

basis 
2

M  at both ends, there is a cancellation with a 

term which contradicts a locality condition. The 

diagonalized elements of (4) may be computed as 

follows,    


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In Fig. 5, the comparison of the state in (4) 

((ii)) and the general correlated states ((i)) are 

provided. In particular, (ii) shows the distribution 

of 
1

λ  and 
2

λ  with a parameter α  such that 

2

1

0 << α  is indicated with O’s, whereas 

1

2

1 << α  is shown with x’s. It can be checked that, 

unlike the Bell-type inequalities which rely on 

repeated runs, a deviation of measuring basis of 

the direct approach with (4) would ruin the 

nonlocal aspect.    

 

Numerical Approach 

Quantum theory is often considered to have 

revolutionized the way science is practiced 

(Feynman, 1970; Peres, 1997). While previous 

attempts have often thought to reveal the property 

of physical systems, particularly macroscopic ones, 

such as how the moon evolves around the earth, 

the mass of the sun and so forth, quantum theory 

started to reveal the relationship between the 

measuring and the object systems, particularly 

microscopic ones, such as if the spin of an electron 

is up or down when it is measured. Since 

macroscopic objects are composed of microscopic 
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physical systems, such as electrons, protons and so 

forth, it may be thought that the previous rules of 

describing the patterns of physical systems ought 

to be replaced by more precise relationship 

between the observing party and the objects.   

While discussions of quantum theory, such as the 

one described above, often remain in the domain of 

philosophical thought, a physically realizable 

protocol involving the issues in quantum 

foundations has been proposed (Bennett and 

Brassard, 1984; Bennett et al., 1993; Cleve, 1997; 

Kok et al, 2007; Ladd et al., 2010). In 1964, in a 

groundbreaking paper (Bell, 1964), Bell presented 

a method that would provide an important clue 

with regard to the completeness of quantum 

theory (Einstein et al., 1935). Moreover, the much-

debated quantum parallelism has been utilized to 

provide powerful computational and 

communication models (Deutsch, 1985). In (Hardy 

et al., 2000), N-chained general correlations have 

been considered, wherein entanglement swapping 

protocols yielded optimal results for certain 

classes of coefficients. In this paper, we wish to 

numerically examine entanglement swapping 

schemes (Zukowski et al., 1993) for five 2-level 

states wherein a new class of coefficients that 

approximate the weakest link is introduced.    

Let us consider the following states,   


=

−
=

1

0

212

)(

k

ll

k

l

kkκφ              (7) 

 

where 5,4,3,2,1=l , i.e., five 2-level states, 

and the coefficients are assumed to be ordered 

Schmidt coefficients. Moreover, throughout the 

section, )1(φ  will be considered to have the 

weakest entanglement in the 5-chain of 

correlations. Entanglement swapping may be 

applied by measuring the four joints which would 

yield the new entangled state between 1 and 10. 

This process may be completed by yielding a 

combination of different coefficients (see (Hardy et 

al., 2000)). The following 16 conditions may be 

considered:    
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When these conditions are fulfilled, it can 

be verified that the average maximal entanglement 

yields the weakest link in the chain, i.e., 
)1(

1max

2κ=E  (Jonathan et al., 1999; Bose et al., 

1998; Hardy et al., 2000; Shi et al., 2000). For 

instance, in Fig. 6, the comparison is provided for 

coefficients )3(

0

κ , )4(

0

κ , )5(

0

κ  ((i) and (ii)) and for )3(

1

κ , 

)4(

1

κ , )5(

1

κ  ((iii) and (iiii)) between the arbitrary 

states ((i) and (iii)) and the optimal non-maximal 

states ((ii) and (iiii)), which are not as widely and 

densely distributed as the general case.    

As shown in Fig. 6, the coefficients that 

satisfy the optimal condition are not as rich as the 

general states, which therefore leads us to explore 

the possibility of whether there are some more 

non-maximal initial states that will yield an 

outcome close to the optimal value. In order to 

accomplish this task, let us consider the following 

conditions.    
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It may be numerically verified that there 

exists a class of coefficients that satisfy conditions 

(c1-c15) and (c16') yet yield the average maximal 

entanglement that is close to the weakest link with 

a margin <0.01. Fig. 7 shows the average maximal 
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entanglement with respect to )1(

0

κ  and )2(

0

κ  (i), )3(

0

κ  

and )4(

0

κ  (ii), )2(

1

κ  and )3(

1

κ  (iii), and )4(

1

κ  and )5(

1

κ  

(iiii), while Table 1 shows some examples of this 

particular class.   

 

 

 

 

 

 

Figure 6. The coefficient distribution is displayed to compare the 

spreadness between the general and optimal conditions. (i) shows the 

plots of ,

)3(

0

κ )4(

0

κ ,
)5(

0

κ  for arbitrary states, while (ii) yields the 

outcome for optimality conditions. Similarly, (iii) and (iiii) are shown 

for ,

)3(

1

κ )4(

1

κ ,
)5(

1

κ  

 

 

 

 
 

Figure 7. The distribution of coefficients that approximate the optimal 

result is shown. (i) shows the plots for maximal average entanglement 

with respect to 
)1(

0

κ  and 
)2(

0

κ , while (ii),(iii), and (iiii) display 

entanglement as a function of  
)3(

0

κ  and 
)4(

0

κ , 
)2(

1

κ  and 
)3(

1

κ ,  and 

)4(

1

κ  and
)5(

1

κ , respectively 
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Table 1. Numerical examples of coefficients 
)(

1,0

nκ  that satisfy the 

conditions (c1-c15) and (c16') that approximate the optimal result 

)(

max

Weakest

E  )(

max

Approx

E  )1(

0

κ  
)1(

1

κ  
)2(

0

κ  
)2(

1

κ  

0.5 0.49415 0.75 0.25 0.55 0.45 

0.6 0.591135 0.7 0.3 0.55 0.45 

0.4 0.39856 0.8 0.2 0.6 0.4 

0.4 0.39817 0.8 0.2 0.6 0.4 

0.3 0.29596 0.85 0.15 0.65 0.35 

0.3 0.293587 0.85 0.15 0.55 0.45 

0.2 0.197915 0.9 0.1 0.65 0.35 

0.2 0.196175 0.9 0.1 0.6 0.4 

0.1 0.09994 0.95 0.05 0.6 0.4 

0.1 0.097935 0.95 0.05 0.8 0.2 

)3(

0

κ
 

)3(

1

κ
 

)4(

0

κ
 

)4(

1

κ
 

)5(

0

κ
 

)5(

1

κ
 

0.6 0.4 0.6 0.4 0.55 0.45 

0.6 0.4 0.55 0.45 0.55 0.45 

0.6 0.4 0.6 0.4 0.55 0.45 

0.55 0.45 0.55 0.45 0.65 0.35 

0.6 0.4 0.6 0.4 0.6 0.4 

0.55 0.45 0.6 0.4 0.75 0.25 

0.6 0.4 0.65 0.35 0.65 0.35 

0.55 0.45 0.65 0.35 0.75 0.25 

0.7 0.3 0.7 0.3 0.7 0.3 

0.7 0.3 0.55 0.45 0.65 0.35 

 

 

 

 
 

Figure 8. The comparison between general (shown with O's) and 

optimal (shown with ▲'s) coefficients in the case of five 2-level 

correlations. 
)4(

0

κ  versus 
)5(

0

κ  is shown in (i), and 
)4(

1

κ  versus 
)5(

1

κ  

is shown in (ii).    

 

 

 

 

 

 

 
 

Figure 9. A comparison is provided between the states that yield the 

optimal result ((ii) and (iiii)) and the coefficients that approximate the 

weakest link ((i) and (iii)) for 
)1(

0

κ , 
)2(

0

κ , 
)3(

0

κ  ((i) and (ii)) and 

)1(

1

κ ,
)2(

1

κ ,
)3(

1

κ  ((iii) and (iiii)) 

 

Moreover, this new class of coefficients is relatively 

well-distributed compared to the previous case of 

optimal states. For instance, Fig. 8, (i) shows the 

coefficients of )4(

0

κ  and )5(

0

κ  in the optimal case 

(shown by O's) and the approximate ones shown 

by ▲'s. A similar comparison is displayed in (ii) for 
)4(

1

κ  and )5(

1

κ . Fig. 9 also provides a similar result. In 

(i) and (ii), the comparison is provided for 
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coefficients, )1(

0

κ , )2(

0

κ , )3(

0

κ  between the 

approximate and the optimal cases, respectively. A 

similar outcome is shown in (iii) and (iiii) for 

coefficients )1(

1

κ , )2(

1

κ , )3(

1

κ .  

 

Remarks 

In this paper, numerical examination of 

measurement range for Bell inequalities has been 

provided. In particular, even the substantial range 

of error in measurement basis still yields the 

violation of inequalities; therefore, nonlocality is 

revealed. Moreover, a direct nonlocality proof was 

considered, which is advantageous in a sense that 

nonlocality may be shown directly, where the 

measurement deviation is not as tolerant as in the 

case of Bell inequalities. 

A numerical approach was utilized to 

compare the optimal and general cases of 

entanglement concentration in the 5-chained 2-

level states. Moreover, a new class of non-maximal 

states that approximates the optimal result has 

been presented. With the recent development of 

the information theoretic approach to illuminate 

the process of nature, a numerical approach like 

the one used in this paper has begun to be 

regarded as not only a useful tool to simulate the 

analytic approach, but also as an actual and more 

precise description of the phenomena. For 

instance, Wheeler coined the well-known phrase, it 

from bit, emphasizing the role of the observer and 

information (Wheeler, 1990). Landauer has also 

expressed a similar view based on a different 

approach, stating that information is physical 

(Landauer, 1961). More recently, the evolution of 

the observable universe has been considered as a 

process of computation and the total number of 

elementary computations rendered since the Big 

Bang has been estimated to be 123

10~  (Lloyd, 

2002).    
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