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Abstract 

The  Markov basis HHB for (n^2-3n)/3  ×3× n/3-contingency tables with two fixed dimensional marginal, when n is a 
multiple of 3 greater than or equal 6  is found by  H.H. Abbas and H.S. Mohammed Hussein in 2014 [3]. In this paper, 
Generating a Markov base was done by using the extended performance of the Markov base HHB - elements with 
themselves and Finding the perfect context for it. (n^2-3n)/3. Contingency table with Two-dimensional stability from 
margins when l∈N. to odd number. Where (n) is (3) multiple larger or equal to (6). 
 
Key Words: Computational Algebraic Statistics, Contingency Table, Toric Ideal, Move, Markov Basis, Algebra Statistic, 
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Introduction 

Statistical algebra based math is new days of the 
most impressive fields where as factual ideas. 
logarithmic ideas meet and lead to superintendent 
inquires about. This point was proposed by P. 
Diaconis and B. Sturmfels in 1998. Around the same 
time. a few papers have been distributed to set a 
meaning of Markov basis to fabricate a remarked 
Markov succession. This to take tests from a 
restrictive likelihood thickness work as for discrete 
example space. This reality has demonstrated that 
Markov basis is comparable to a lot of binomial 
generators of toric ideals. [6]. 

Afterwards in 2000 M. Dyer. and C. Greenhill has 
founded a counting of polynomial-time and 
contingency tables of sampling of two-rowed. [5]. 
Moreover in 2001. A. Dobra has proved that the 
only moves that should involve in the Markov basis 
are the chains of contingency tables that union 
fixed marginal when the set of marginal functions 
induces a decomposable graphical model [1]. 

Further in 2003. S. Aoki and A. Takmura have 
introduced 3×3×𝑘 contingency tables when there 
exists a one of a kind insignificant premise. Induced 

this structure comprised of four sorts of crucial 
moves.[11]. They have likewise introduced a table 
of key moves of one of a kind insignificant Markov 
basis of 3×4×𝑘 and 4×4×𝑘 contingency tables of 
fixed bivariate minor functions. [2]. 

In addition in 2006. A. Takemura. and S. Aoki has 
developed a meaning of an invariant Markov basis 
related with an associated Markov chain on the 
arrangement of contingency tables as for fixed 
minimal capacities. They have additionally 
demonstrated determination of some significant 
properties of mindset that have introduced a 
fundamental and adequate state of the 
extraordinary insignificant invariant Markov basis. 
However the suspicion of invariance. [9]. 

In 2014. H.H. Abbas and H.S. Mohammed Hussein 
found a Markov basis     and toric goals for 
     

 
   

 

 
  - contingency tables with fixed two 

dimensional peripheral. 𝑛 is a various of 3 more 
noteworthy than or equivalent 6. They gave 
another model of stage the bits of nucleotides in 
adjusted DNA succession and the activity of the 
biggest subgroups of the Dihedral bunch on these 
contingency tables [3].  
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An expansion of Markov basis and toric perfect 
have been caves appraised by H.H. Abbas and 
M.W.A. need in 2016 for contingency tables with 
two invariant bivariate negligible capacities when n 
is even number more prominent than or equivalent 
to 4. 

In this paper, the elements of the Markov basis 
HHB are used to find a Markov basis and toric 

ideals for 
     

 
    

  

   − contingency tables [4]. 

 

Basic Concepts 

In this Section, we will present some statistical 
concepts, kronecker product, contingency tables, 
moves and Markov basis that we will use in our 
work. 

Definition 2.1. [7] The kroecker product of the 
matrixes     and     is denoted by     is a 

      matrix defined by: 

    [

         

   
         

] 

Definition 2.2. [8] Let   be a finite set of   | | 
elements‚ we call an element   a cell and denoted 
by       is often multi-index        . A non-
negative integer      {       } denotes the 
frequency of a cell  . 

The set of frequencies is called a contingency table 
and denoted as   {    }   . With an appropriate 
ordering of the cell. We treat a contingency table 
  {    }       as an  -dimensional a column 
vector of non-negative integers. Note that a can also 
be considered as a function from   to   defined as 
    . 

Remark 2.3. [8] The   -norm of       is called 
the sample size and denoted as | |  ∑        The 
set of integer numbers is denoted by  , also is 
                is denoted as fixed column 

vectors consisting of integers.  -dimantional 

column vector            
     as      

      

     . Here   denotes the transpose of a vector or 

matrix. A     matrix  , with its  -row being    
  is 

defined by   [
  

 

 

  
 

]  and if      is  -dimensional 

column vector, the set  is defined by  
{           }         , where   is the set 
of natural numbers. 

In typical situations of a statistical theory,   is 
sufficient statistic for the nuisance parameter. The 
set of   's for a given  ,        {         
 }   -fibers), is considered for performing similar 
tests, for the case of the independence model of 
two–way contingency tables, for example,   is the 
row sums and column sums of  , and        is the 
set of  's with the same row sums and column sums 
to  . The set of   -fibers gives a decomposition of 
  . An important observation is that  -fiber 
depends on given only through its kernel,         . 

For different  's with the same kernel, the set of  -
fibers are the same. In fact, if relation is defined on 
       by                      This 
relation is an equivalence relation and    is 
partitioned into disjoint equivalence classes. The 
set of  -fibers is simply the set of these equivalence 
classes. Furthermore,   may be considered as labels 
of these equivalence classes. 

Definition 2.4. [8]: 𝑛-dimensional column vector 
of integers   {  }        is called a move if it is 
in the kernel of  , i.e.,     . 

Definition 2.5. [2]  Let        {         }. 
A set of finite moves   is called a Markov basis if for 
all  ,        constitutes one   equivalence class. 

Definition 2.6. [2] Let       be the set of moves 
and let             . The move    is said 
accessible from    by   if there exists a sequance of 
moves            and    {     }   
        such that       ∑   

 
          

∑   
 
                          

Definition 2.7. [10] Let         be a linear 
transformation, the toric ideal   is the ideal 
                           

 [       ] where      
    

      
   and 

 [       ] the ring of polynomials generated by 

the polynomial variables       over the field K. 

Theorem (Diaconis – Sturmfels 1998) 2.8. [10] A 

collection of binomials {   
    

    }     is 

generating set of toric ideal     if and only if       is 
a Markov basis for    

In particular, if every toric ideal has a finite 
generating set of binomials, a Markov basis exists. 

Remark 2.9. [3]: Let 𝑛 be a multiple of 3 such that 
𝑛   , and let                     𝑘 be  the 

representative elements of the set of    
 

 
 contingency tables and     {          }   

such that each    ,         , is a matrix of 

dimension   
 

 
 either has two columns 
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                    (                     or 

either                    ) and the other columns 
are zero denoted by    , or it has two columns 

                    (                     or 

                    ) and the other columns  are 
zero denoted by    , like 

[
    

    
   

]     [
    
   

    
]  [

   
    

    
] 

      

 [
    
    
   

]     [
    
   
    

]  [
   

    
    

] . 

Also, we can write all elements of     as one-
dimensional column vector as follows: 

                      𝑘 and          

        such that if         
 

 
  then 

    

{
 
 
 

 
 
                 

 

 
  

  
  

 

        ∑   

 

 
   
   

    

               
 

 
  

  
  

 

        ∑   

 

 
   
   

    

                   
 

 
  

  
  

 

       ∑   

 

 
   
   

  

                

If   
 

 
   

 

 
     

  

 
 then 

   

{
 
 
 
 

 
 
 
              

 

 
     

 
      𝑛 ∑   

  

 

  
 

 
  

   

    

              
 

 
     

 
      𝑛 ∑   

  

 

  
 

 
  

   

    

               
 

 
     

 
    𝑛  ∑     

  

 

  
 

 
  

   

) 

If   
  

 
   

  

 
     𝑛  then 

   

{
  
 

  
 
            

  
  

 

     

 
      𝑛 ∑   

 

  
  

 
  

   

    

            
   

  

 

     
 

 
      𝑛 ∑   

 
  

 

 
  

   

    

              
   

  

 

     
 

 
    𝑛  ∑      

  
 

 
  

   

  

Theorem 2.10. [3] The number of elements in 

    equal to 
     

 
 .  

Theorem 2.11. [3] The set     {           

 

} 

is a set of moves. 

Corollary 2.12. [3] The set     of moves is a 
Markov basis. 

Corollary 2.13. [3] The toric ideal    for 
     

 
   

  

 
 – contingency tables are      

                                  
 

 
       𝑘  

  
 

 
 
  

 
 ,                        , where   is the 

field of complex numbers. 

 

A Markov Basis Generated by Tensor Product 
Elements of     

In this section, We will generate the Markov 

basis     for 
      

 
    

 

 
  contingency tables 

with fixed two dimensional marginals to find the 

generate of  Markov basis     for  
     

 
     

   

    contingency tables with fixed two-dimensional 

marginals where n is a multiple of  3 or greater than 
or equal 6.  

Definition 3.1. Let                 is an odd 

number and
  

 
    

               ⏟          
       

      

      

 
. The set 

    

  

 
    

  

 

 { 
  

 
    

    
  

 
    

      
  

 
    

 
 
     

 

    

   } is called a  

Markov basis generated by Tensor product 
elements of    . It is clear that the number of 

elements in     

  

 
    

  

 

 is  
     

 
 . 

 

Example 3.2. 

If  𝑛    then by Theorem 2.2 the number of 

elements in     is 
     

 
   .  
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If   is an odd number‚      
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1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
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1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 1- 0 0 0 0 1 1- 0 1- 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 -1 0 0 0 0 1 -1 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
1 -1 0 -1 1 0 0 0 0 -1 1 0 1 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 
-1 1 0 1 1- 0 0 0 0 1 1- 0 1- 1 0 0 0 0 0 0 0 0 0 0 0 0 0 
 
 
Therefore  

  

 
    

    

Similarly, 
  

 
    

   , …, 
  

 
    

    . 

 

Remark 3.3. 

i. Let n be a multiple of 3 such that 𝑛     and let 
              be the representative elements of the 

set    
   

     contingency tables‚ where   is an odd 

number and 

     

  

 
    

  

 

 { 
  

 
    

    
  

 
    

     
  

 
    

 
 
     

 

} so that 

each 
  

 
    

               ⏟          
       

      
     

 
  and 

  {      
     

 
} is a matrix of dimension    

   

    

Also  we can write all elements of     

  

 
    

  

 

as one 
– dimensional column vector as follows: 
                       𝑘‚ and       or    or    

j= 1  …  𝑛 . 
ii. Given a contingency table                    ‚ 

the entry of the matrix   in the column indexed by 
              respectively and its rows indexed by  

∑   

  

  

   
  ∑   

   

  

  
  

    
  ∑   

  

  
   

    
        

    
 

    

    
      

   
  

    
       

    
     

     
   

   
   

   

    
     

  

     

  

               

respectively  where   is an odd number. The entry 
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in the column indexed by    in the matrix‚.   will be 
equal to one  if      appears in the index of its row  
and otherwise‚ it will be zero. Then  

  

  

 
    

  

 

 

[
 
 
 
 
 
 
 
                       
                                    
                      
                      
                      
                      
                                    
                      ]

 
 
 
 
 
 
 

      

     

 

Where the number of 1s from row 1 to the row     

is 
  

   . 

iii. We will denote by ∑    the sum the ith row of 

  
 

  

 
    

  

 

                ∑    the sum of the kth 

column of   
 

  

 
    

  

 

       𝑘  
  

   
 

 
   ∑  ̀ the sum of 

the jth row of     
        and ∑  ̀  the sum of the hth column  of 

             
 

 
 . 

 Theorem 3.4. The set  

    

  

 
    

  

 

 { 
  

 
    

    
  

 
    

      
  

 
    

 
 
     

 

} is a set 

of moves‚   

Where   is an odd number. 
 

Proof:  

 Let    
 

  

 
    

  

 

      

  

 
    

  

 

            and 

       ̀      ̀  
 . Then  ∑     ∑   ̀

 

 

   
   ∑  ̀  

 ∑     ∑   ̀

  

 

  
 

 
  

 =      ∑  ̀ 

 ∑     ∑   ̀
 

  
  

 
  

 =   ∑  ̀ 

   

∑    =       ∑   ̀

 

 

   
      ∑  ̀   

∑             ∑   ̀

  

 

  
 

 
  

=     ∑  ̀  

∑         ∑   ̀
 

  
  

 
  

     ∑   ̀ and  

∑     (      

 
      

 
  

)    ∑  ̀  

 ∑     (     

 
      

 
  

)      ∑  ̀   

  

∑  

 
   

 
(     

 
      

 
  

)    

 

∑  ̀

 
  

  

 ∑   

   
 

 

    

   
 

 

(      

 
      

 
  

)     

   
 

 

∑  ̀  

 ∑   

   
 

  
  

    

   
 

  
  

(      

 
      

 
  

)  

   

   
 

  
  

∑  ̀   

  

∑   

  

=    

  

(      

 
      

 
  

)=    

  

∑  ̀ 

  

 . 

∑   
 

 
      

 

 
     (  

 
    

 

   )     
 

 
  

∑  ̀ ‚ 

where
                                        

  

      𝑛   𝑛  .  

By Theorem (1.5.3)     is a move. It implies that  

∑  ̀  ∑  ̀  ∑  ̀   ∑   ̀  ∑  ̀  ∑  ̀    
∑  ̀

 
   .  

It follows that ∑  = ∑  = ∑  = … = ∑    ∑   
∑   ∑      ∑      

  

   . Thus 

  

  

 
    

  

 

   
 

  

 
    

  

 

      

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ∑  

∑  

∑  

 
 

∑   

∑  

∑  

∑  

 
 

∑   

  ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

      

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

      

    

 

Hence   
 

  

 
    

  

 

 is a move. Therefore‚ the set 
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is a set of moves   We can find 
     

 
 

contingency tables               

 
  

 in 

    
 

 

   

    (each of them      
    

    - contingency 

table) from the elements of the set       
 

 

{   
   

 

    
     

 

   
 

}, where            
   

 

, for all 

        
     

 
   and           

 
  

  
     

 

   
 

. 

 

Corollary 3.6  

The set of moves  

    

  

 
    

  

 

 { 
  

 
    

   
  

 
    

      
  

 
    

 
 
     

 

} is a 

Markov basis. 

 

Proof: 

By Theorem (2.2.4)  the set     

  

 
    

  

 

is a set of 
moves. 

Now  Let          
   

    ‚ such that    . By Remark 

(2.2.5)  we get        ∑  
  

 
    

    
 
     . It follows 

that       ∑  
  

 
    

    
 
     . Since  

  

 
    

     is a 

move  we have 

 
  

 
    

             . It implies that∑  
  

 
    

    
 
      

   (  

  

 
    

  

 

).  That means             

  

 
    

  

  

  . 

By Remark (1.4.4)         . Hence   

  

 
    

  

 

 

   

    

constitutes one     

  

 
    

  

 

 equivalent class for all  . 
From Definition (1.4.6)  we have the set 

    

  

 
    

  

 

 is a Markov basis.  Now  we will find the 
toric ideals using Markov basis generated of     

for 
     

 
    

  

   – contingency tables. 

 

Corollary 3.7 

The toric ideal    

  

  

 
    

  

    for   
     

 
    

  

    – 

contingency tables are 

 

  

  

 
    

  

   

〈                                     

            
  

  
〉 and        

  

   
   

     𝑛  
   

    

such that     and  

  

  

 
    

  

    [             ]. 

 

Proof: 

Since     

  

 
    

  

 

is a Markov basis for   and by 

Theorem (1.4.9) the set of binomials  

{
 

 
 

 
  

 
    

  

 

 
 

  

 
    

  

  
  

 
    

       

  

 
    

  

 

}
 

 
   [             ] 

 Then the toric ideal is the ideal 

 

  

  

 
    

  

   

〈                                     

          
  

  
〉  and        

  

   
   

     𝑛  

   

    such that      . 

Example 3.8: Consider the Markov basis in 
Example 3.2 and the following      contingency 
table: 
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Then the table of marginal and joint probability is:
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From Corollary 3.7, we have 
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Conclusion 

In this paper, the elements of the Markov basis 
HHB are used to find a Markov basis and toric 

ideals for     
   

    contingency tables. Also, it is to 

generate 
     

 
 contingency tables of dimension  

   
   

    . 
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