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Abstract

The set of all idempotents in an algebra is not an affine space, but often it contains idempotent lines ( line in which
every element is an idempotent). In this paper we give an example to show that there are idempotent lines which are

not L or R related.
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First we fix the notations and terminology used
in this paper. Let A be an associative algebra
with unity 1, over the field K, which is either R
the set of real numbers or C of complex
numbers. Let X be a subset of A. We denote
by A(X) the affine subspace of A and by E(X)
the set of idempotents in X. The unique line
joining x, y of distinct elements of A by L(x,y).
That is,

Lix,y)={z€eA:iz=(1—-V)x+ 1y, L€ K}.

Every algebra is a semigroup with respect to
multiplication. We define Green'’s relation (see
[1] or [2]) on the semigroup A using principal
ideal as follows:

albe Aa=AbandaRb & aA = bA

We also define H = LNR.

If e and f are idempotents in a semigroup, then
we have
eLf o ef=eand fe=f.

eRfe ef =fand fe=e.

We start by a characterization of idempotent
lines in E(A) (see [3]) as follows:

Proposition 1
Let e and f be distinct idempotents in A. Then

L(e,f) € E(A) ifand only if (e — f)? = 0.

Using Green'’s relations of semigroup theory, we
getidempotent affine spaces in A. Thatis, ife L f
then

(e—fi=e—ef—fetf=e—e—f+f=0

So L(e, f) € E(A). Moreover, if g € L(e, f), then
g =1le+ (1 —A)f for some 1 € K, so that
eg=Ale+(1—-ADef=le+(1—-Ae=e

and
ge=le+(1—-Nfe=2e+ (1 -1f =g.

Hence L(e, f) is in fact contained in the L class
of e and f. Again, if e R f, then
(e—fi=e—ef—fet+tf=e—f—e+f=0

So L(e, f) € E(A). Moreover, if g € L(e, f), then
g =71le+ (1 —-A)f for some 1 € K, so that
eg=le+(1—NDef=e+(A-N)f =g

and
ge=le+(1—-ANfe=de+(1—-NDe=e

Sothatg Reandso L(e, f)is contained in the
R class of e and f. Thus, we have the following:

Proposition 2
Let e be an idempotentin A. If f is an idempotent
inAwithelL f,oreR f thenL(e,f) c E(A).
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Converse of the proposition 2 is not necessarily
true. That is there are lines in E(A) joining
points which are not L or R related.

For example, consider the 4 X 4 matrices E and
F partitioned as E=({I,A00) and F =
(I, AA0), where I, is the identity matrix of
order 2, 0 is the zero matrix of order 2 and A4 is
the 2 X 2 matrix givenby A=(0100).
A?=(0100)(0100)=0

It can be seen that E2 = E and

F?2 =(I,AA0)(UI,AA0) = (I, +
A2AAA®2)=(,AA0)=F.

Thus E and F are idempotents.

Moreover, E—F=(0 —A —A0)

so that

(E—F)2=(0—-4—-40)00 -4 —A0)
=(A20042)=0

Hence L(E, F) is an idempotent line.
ButEF =(,A00).
Sothat EF # E and EF # F, which means that E

and F are neither L related nor R related.
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