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Abstract 
The set of all idempotents in an algebra is not an affine space, but often it contains idempotent lines ( line in which 
every element is an idempotent). In this paper we give an example to show that there are idempotent lines which are 
not 𝐿 𝑜𝑟 𝑅 related. 
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First we fix the notations and terminology used 
in this paper. Let 𝐴 be an associative algebra 
with unity 1, over the field 𝐾, which is either 𝑅 
the set of real numbers or 𝐶 of complex 
numbers. Let 𝑋  be a subset of 𝐴. We denote 
by 𝐴(𝑋) the affine subspace of  𝐴  and by  𝐸(𝑋) 
the set of idempotents in 𝑋. The unique line 
joining 𝑥, 𝑦 of distinct elements of 𝐴  by 𝐿(𝑥, 𝑦). 
That is, 

𝐿(𝑥, 𝑦) = {𝑧 ∊ 𝐴: 𝑧 = (1 − 𝜆)𝑥 + 𝜆𝑦, 𝜆 ∊ 𝐾}.  
 
Every algebra is a semigroup with respect to 
multiplication. We define Green’s relation (see 
[1] or [2]) on the semigroup 𝐴 using principal 
ideal as follows: 

  

𝑎 𝐿 𝑏 ⇔ 𝐴𝑎 = 𝐴𝑏 𝑎𝑛𝑑 𝑎 𝑅 𝑏 ⇔ 𝑎𝐴 = 𝑏𝐴 

 
We also define 𝐻 =  𝐿⋂𝑅. 
 
If 𝑒 and 𝑓 are idempotents in a semigroup, then 
we have 

𝑒 𝐿 𝑓 ⇔  𝑒𝑓 = 𝑒 𝑎𝑛𝑑 𝑓𝑒 = 𝑓. 

𝑒 𝑅 𝑓 ⇔  𝑒𝑓 = 𝑓 𝑎𝑛𝑑 𝑓𝑒 = 𝑒. 

We start by a characterization of idempotent 
lines in 𝐸(𝐴) (see [3]) as follows: 
 
Proposition 1 
Let 𝑒 and 𝑓 be distinct idempotents in 𝐴. Then 
𝐿(𝑒, 𝑓) ⊂ 𝐸(𝐴) if and only if (𝑒 − 𝑓)2 = 0. 

 
Using Green’s relations of semigroup theory, we 
get idempotent affine spaces in 𝐴. That is, if 𝑒 𝐿 𝑓 
then  
(𝑒 − 𝑓)2 = 𝑒 − 𝑒𝑓 − 𝑓𝑒 + 𝑓 = 𝑒 − 𝑒 − 𝑓 + 𝑓 = 0 

 
So 𝐿(𝑒, 𝑓) ⊂ 𝐸(𝐴). Moreover, if 𝑔 ∊ 𝐿(𝑒, 𝑓), then 
𝑔 = 𝜆𝑒 + (1 − 𝜆)𝑓 for some 𝜆 ∊ 𝐾, so that  

𝑒𝑔 =  𝜆𝑒 + (1 − 𝜆)𝑒𝑓 = 𝜆𝑒 + (1 − 𝜆)𝑒 = 𝑒 

and  
𝑔𝑒 =  𝜆𝑒 + (1 − 𝜆)𝑓𝑒 = 𝜆𝑒 + (1 − 𝜆)𝑓 = 𝑔. 
 
Hence 𝐿(𝑒, 𝑓) is in fact contained in the 𝐿  class 
of 𝑒 and 𝑓. Again, if  𝑒 𝑅 𝑓, then 
(𝑒 − 𝑓)2 = 𝑒 − 𝑒𝑓 − 𝑓𝑒 + 𝑓 = 𝑒 − 𝑓 − 𝑒 + 𝑓 = 0 

 
So 𝐿(𝑒, 𝑓) ⊂ 𝐸(𝐴). Moreover, if 𝑔 ∊ 𝐿(𝑒, 𝑓), then 
𝑔 = 𝜆𝑒 + (1 − 𝜆)𝑓 for some 𝜆 ∊ 𝐾, so that  

𝑒𝑔 =  𝜆𝑒 + (1 − 𝜆)𝑒𝑓 = 𝜆𝑒 + (1 − 𝜆)𝑓 = 𝑔 

and 
𝑔𝑒 =  𝜆𝑒 + (1 − 𝜆)𝑓𝑒 = 𝜆𝑒 + (1 − 𝜆)𝑒 = 𝑒 

So that 𝑔 𝑅 𝑒 and so  𝐿(𝑒, 𝑓) is   contained in the 
𝑅 class of 𝑒 and 𝑓. Thus, we have the following: 
 
 
Proposition 2 
Let 𝑒 be an idempotent in 𝐴. If  𝑓 is an idempotent 
in 𝐴 with 𝑒 𝐿 𝑓, or 𝑒 𝑅 𝑓 then 𝐿(𝑒, 𝑓)  ⊂ 𝐸(𝐴). 
 

http://www.neuroquanotology.com/


www.neuroquanotology.com eISSN: 1303-5150 

Neuroquantology | December 2018 | Volume 16 | Issue 12 | Page 102-103 | Doi: 10.14704/nq.2018.16.10.1873 
M. G. Ashok Kumar, Idempotent Line -An Example 

1  
 
 

 
 
 
Converse of the proposition 2 is not necessarily 
true. That is there are lines in 𝐸(𝐴) joining 
points which are not 𝐿 or 𝑅 related.  
 
For example, consider the 4 × 4 matrices 𝐸 and 
𝐹 partitioned as 𝐸 = (𝐼2 𝐴 0 0 ) and  𝐹 =
(𝐼2 𝐴 𝐴 0 ), where 𝐼2 is the identity matrix of 
order 2, 0 is the zero matrix of order 2 and  𝐴 is 
the 2 × 2 matrix given by  𝐴 = (0 1 0 0 ). 
𝐴2 = (0 1 0 0 )(0 1 0 0 ) = 0  
It can be seen that 𝐸2 = 𝐸 and  
𝐹2  = (𝐼2 𝐴 𝐴 0 )(𝐼2 𝐴 𝐴 0 )  = (𝐼2 +
𝐴2 𝐴 𝐴 𝐴2 ) = (𝐼2 𝐴 𝐴 0 ) = 𝐹.   
Thus  𝐸 and 𝐹 are idempotents.  
Moreover, 𝐸 − 𝐹 = (0 − 𝐴 − 𝐴 0 ) 
so that  
 
 
 

(𝐸 − 𝐹)2 = (0 − 𝐴 − 𝐴 0 )(0 − 𝐴 − 𝐴 0 )

= (𝐴2 0 0 𝐴2 ) = 0 

Hence 𝐿(𝐸, 𝐹) is an idempotent line.  
But 𝐸𝐹 = (𝐼2 𝐴 0 0 ). 
So that 𝐸𝐹 ≠ 𝐸 and 𝐸𝐹 ≠ 𝐹, which means that 𝐸 

and 𝐹 are neither  𝐿 related nor  𝑅 related.  
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