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Abstract:  

The present analysis examines the heat conduction and thermal stresses in a thin rectangular plate subjected to 
a point heat source. The problem is solved using fractional thermoelasticity and is based on the Caputo 
derivative of the timefractional heat conduction equation. Integral transform techniques are used to solve the 
governing equation for heat conduction, and the solution is obtained in an infinite series. An aluminium plate is 
used in a unique scenario where the findings of the numerical and graphical computation of thermal stress have 
been utilized.  
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1. Introduction  
The analytical solutions to the thermoelastic 
problems of a thin rectangular plate are 
utilized in a wide variety of engineering 
applications. As a result, some theoretical 
studies have been reported so far concerning 
the difficulties of different edges using various 
techniques. In the meantime, it was found that 
fractional calculus may be used effectively to 
update various different models of physical 
processes, see Hilfer [1], Sherief et al. [2], and 
Tenreiro et al. [3]. For more information, look 
at these references. It is also possible to state 
that the entire theory of fractional derivatives 
and integrals was developed in the second half 
of the 19th century. This is something that can 
be asserted. The works of Podlubny [4], 
Kaczorek [5,6], Sherief and El-Latief [7], 
Siedlecka and Kukla [8], Abbas [9], Xiong and 
Niu [10], Mahakalkar et al. [11], Mittal and 
Kulkarni [12], Hussein [13], and others provide 
a helpful review of the topic. Memory and 
hereditary characteristics of many substances 
can be explained by a growing body of science 
and engineering research focusing on dynamic 
systems characterized by fractionalorder 
equations comprising derivatives and integrals 
in non-integer order. Some of the applications  
 
 
 
are as follows: diffusion processes [14,15], 
mechanics of materials [16,17], combinatorics 
[18], inequalities [19], analysis [20], calculus of 

variations [21–23], signal processing [24], 
image processing [25], bioengineering [26], 
random walks [27], mathematical finance [28], 
modelling of combustion [29], and heat 
propagation [30], and so on.  
By introducing the strain-rate term in the 
uncoupled heat conduction equation, Biot [31] 
formulated heat conduction problems using 
matrix algebra and mechanics methods by 
extending the analysis to incorporate coupled 
thermoelasticity. In this way, albeit the first 
shortcoming was over, the parabolic type 
partial differential equation of heat conduction 
remained, which leads to the paradox of 
infinite velocity of the thermal wave. To 
eliminate this paradox generalized 
thermoelasticity theory of why something 
works or happens the way it does was 
developed after that. The development of this 
theory was expedited by the advent of second 
sound effects observed experimentally. In heat 
transfer problems involving concise time 
intervals and/or very high heat fluxes, it has 
been revealed that the inclusion of second 
sound effects in the original theory yields 
realistic results and very different 
 
 
 
 from those obtained with the classical theory 
of elasticity [32,33]. With researchers like 
Bargmann [34], Boley [35], Qiu and Tien [36]; 
generalized thermoelasticity theory is 
receiving serious attention of different 
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researchers. The development of the second 
sound effect has been reviewed by 
Chandrasekharaiah [37], who agreed that the 
development of generalized thermoelasticity 
theories is still in its infancy. L-S (Lord and 
Shulman theory) [38] suggests one relaxation 
time, and according to this theory, only 
Fourier's heat conduction equation is modified, 
while G-L (Green and Lindsay theory) [39] 
suggests two relaxation times and both the 
energy equation and the equation of motion 
are modified [40]. A method for solving 
coupled thermoelastic problems by using the 
state-space approach was developed by Bahar 
and Hetnarski [41]. Erbay and Suhubi [42] 
studied longitudinal wave propagation in an 
infinite circular cylinder, which is assumed to 
be made of the generalized thermoelastic 
material, and thereby obtained the dispersion 
relation when the surface temperature of the 
cylinder was kept constant. The effects of 
mechanical and thermal relaxations in a heated 
viscoelastic medium containing a cylindrical 
hole were studied by Misra et al. [43]. Youssef 
[44] developed a new fractional-order 
generalized thermoelasticity formula for heat 
conduction in the context of the fractional 
integral operator. The classical Fourier heat 
conduction equation adequately simulates 
thermomechanical phenomena in most 
practical engineering applications. It should be 
noted that an essential body of problems 
requires consideration of thermomechanical 
coupling: it is opportune in these cases to 
apply the generalized theory of 
thermoelasticity. Intense attention has been 
paid to the generalized thermoelasticity 
theories in solving thermoelastic problems in 
lieu of the classical uncoupled or coupled 
explication of thermoelasticity [45]. The not 
being the presence of any elasticity term in the 
heat conduction equation for uncoupled 
thermoelasticity appears to be unauthentic 
since, due to the mechanical loading of an 
elastic body, the strain so engendered causes 
variation in the temperature field [46]. 
Povstenko [47] proposed a quasi-static 
uncoupled theory of thermoelasticity based on 
a fractional heat conduction equation. 
Povstenko [48] published highly cited 
literature reviews on fractional 
thermoelasticity. The above literature 
emphasizes that coupling between 
deformation and heat conduction in the heat 

equation into account does not complicate the 
Neumann boundary value problem in the 
quasi-static theory framework. In the 
framework of fractional thermoelasticity, 
Povstenko [49] also proposed the time-
fractional Cattaneo heat conduction equation 
from the time-non-local generalization of the 
Fourier law using different kernels, i.e. Mittag-
Leffler type, within the framework of 
corresponding thermal stress theory. With the 
above background in the present article, we 
have studied a three-dimensional fractional-
order thermoelasticity theory by using the heat 
conduction differential equation with time-
dependent heat flux. To the best of the author's 
knowledge, a few works concerned with 
thermoelastic analysis considering the motion 
of the moving point heat source are 
investigated. The authors have been motivated 
to conduct this study due to the research gap in 
this field.  
An analytical solution for a transient 
boundary-value heat conduction problem with 
a moving instantaneous point heat source and 
its associated thermal stresses are presented 
in this study. The solution is presented in a 
rectangular with a volumetric moving heat 
source in rectangular coordinates. The 
equations that will be used to govern the 
system will be derived within the framework 
of the fractional-order theory. The solution is 
appropriate for use with any time-independent 
and inhomogeneous boundary conditions that 
may be applied to the plate. In conclusion, the 
section gives outcomes that are graphically 
shown with a particular case study.  
 
2. Description of the Problem  
A thin rectangular plate is considered under 
the transient temperature defined z ≤ h; where 
h<b<α; h is a very small thickness. The plate is 
subjected to the motion of the moving point 
heat source at the point (x,0,0). Under these 
realistic prescribed conditions, temperature 
and thermal stresses in a thin rectangular plate 
are required to be determined. The 
temperature distribution of the plate defined is 
given by  
  

        (1) 
 
where k is thermal conductivity and κ is the 
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thermal diffusivity of the material of the plate, 

is the Caputo fractional derivatives, 
represent the fractional order of a Caputo 
derivative with respect to time t. The 
thermoelastic problem is presented in the form 
of a timefractional heat conduction equation of 
Caputo type of order . It is defined for the 
function f(t) as  
 

 
  
where the Laplace transform rule is given as  
 

 
 
in which the transform parameter is s and n 
refers to a positive integer.  
 
Consider an instantaneous moving heat source 
at the point (x,0,0) , and the volumetric 
moving heat source in rectangular coordinates 
is given by  
 

      (2) 
 
where gipis the instantaneous point heat 
source.  Hence equation (1) becomes  
 

 
                                                                             (3) 

 
with initial and boundary conditions given by  

                             (4) 
 

                    (5) 
  

                   (6) 
 

                      (7) 
 

                 (8) 

           (9) 
 

            (10) 
 
The stress function can be taken as 

where complementary function 
andp is particular integral and governed by 
the equations  
 

                                     (11) 
  

                              (12) 
 
The components of stress functions are given 
by  
 

             (13) 
  
with transaction-free boundary conditions 
 

                      (14) 
 
The equations (1) to (14) constitute the 
mathematical formulation.  
 
3. Solution of the Problem   
Applying finite Fourier Cosine transforms to 
Eq. (3), we get  
 

 
                                                                                  (15) 
  
By transforming (15) using the finite Fourier 
Cosine, one obtains  
  

                        
(16) 

 

where  
On applying Marchi-Fasulo transforms, 
equation (16) becomes  
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(17) 
  
After simplification of equation (17), one 
obtains  
 

  (18) 
  
The differential equation (18) can be reduced 
to  
 

(19) 
 
where   
  

(20) 
 
Applying the Laplace transform and using its 
inversion formula to equation (19) by using 
the initial condition, one obtains  
 

(21) 
 
in which E

, is a two-parameter Mittag-Leffler 
function, defined as   
 

 
 
with as the gamma function.   
 
Taking the inverse Marchi-Fasulo Transform, 
finite Fourier sine transform and finite Fourier 
cosine transform, we get,  
 

(22) 
and temperature change  = T −T0 , where, can 
be obtained as  

(23) 
  
where T0 is the initial temperature, and 
are radiation constants, and  
 

 
 
The eigen values an are the solutions of the 
equation  
 

 
 
To find  and p from Eqs. (11) and (12), we 
assume  
 

(24) 
 

4. Determination of Stress Function  
Using equation (24) in equations (13)-(15) we 
get,  
 

(25) 
 

(26) 
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and   
 

(27) 
 
Using the boundary condition (14), one obtains 
the required constants c1,c2,c3 and c4 , on 
substituting in equations (25)-(27), provides 
the desired thermal stresses.  
 
5. Numerical Results  
The thermo-mechanical material properties of 
Aluminum are considered at a specific heat and 
at constant pressure for rectangular plate, 
which is illustrated in Table 1.   
 

 
Table1.Thermo-mechanicalat room temper- 
ature.  
 
The numerical computations have been carried 
out for the Aluminum plate with physical 
parameters as length a=2.5 m, breadth b=2 m, 
height h=0.08 m, and reference temperature as 
1500C. For the sake of simplicity of calculation, 
we introduce the following dimensionless 
values  
 

(28) 
  
Taking the sectional heat supply as  F1 =10 0C, 
F2 = 0,F3 = 0,F4 = 0,F5 = 0, and  
F6 = 0 . Substituting the value of equation (28) 
in equations (23) and (25) through (27), one 
obtains the required expression for our 
numerical discussion. To examine numerical 
calculations for all variables were performed, 
which have been depicted in the following 

figures using MATHEMATICA software. In this, 
the three-dimensional non-homogeneous time-
fractional heat conduction issue in a thin 
rectangular plate is studied. The internal heat 
source is an instantaneous point heat source of 
strength gi.   
 

 
Figure 2.1:  Temperature distribution along x -
direction for different values of  
 

 
Figure 2.2:  Temperature distribution along y -
direction for different values of  
 

 
Figure 2.3:  Temperature distribution along z -
direction for different values of  
 
Figure 2.1 shows the variation in 
dimensionless temperature distribution across 
the z - direction, indicating that the thermal 
energy accumulated within the plate due to 
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internal heat generation and sectional heat 
supply at the mid-part is causing the material 
deformation. The effect of this heating causes a 
high tensile force at the inner part of the plate, 
and compressive strength occurs on the outer 
surface, which tends to zero at both ends. The 
numerical calculations were conducted with 
Aluminium material to capture the 
thermoelastic response. Figure 2.2 displays the 
variation of the dimensionless temperature 
profile with increasing trend along y -direction 
at different values of fractional order 
parameters. As expected, it is seen that the 
magnitude of temperature from the origin, and 
goes on growing progressively until it 
approaches the outer part of the plate, and it 
may be due to the thinness of the plate.   
 

 
Figure 2.4: Thermal stresses xx along x − 
direction for different values of  
 
Figure 2.3 depicts the temperature distribution 
along z - direction for different values of  
attains maximum expansion at its outer core. 
There is an increment in the rate of heat 
propagation with a thickness which leads to 
compressive force in the inner part and 
expands more on the outer surface whenever 
the graph was ere plotted for temperature 
distributions and stress functions. Figure 2.4 
shows that originally at x = 0, stress is 
incredibly minimum, suggesting that inter-
atomic distance expands as the value of x 
changes; it gradually acquires extra tensile 
force due to internal heat supply and uniform 
sectional heat supply; thus, stress maximizes at 
the end. In Figure 2.5, initially, when y is zero 
stress is zero, i.e. in a plate where the 
interatomic constitution is constant, but when 
we change the worth of y , atomic distance gets 
compressed, and at y = 0.8, it turns into extra 
compression and again interatomic distance 
slowly separated, attaining zero at other ends.   

 
Figure 2.5: Thermal stresses yy along y− 
direction for different values of  
 

 
Figure 2.6: Thermal stresses xy along y− 
direction for different values of  
 
In Figure 2.6 shows as temperature rises, 
molecules begin to vibrate more rapidly and 
push away from one another to increase the 
separation between the atoms and cause an 
expansion in atoms. In a plate, the position of 
atoms gets separated along the y-axis. The 
thermal stress of the material changes from a 
minimum value to a maximum value at the 
middle plate and attains zero at the other end. 
Thus, it fulfils the traction-free boundary 
conditions given in equation (14).  
 
6. Conclusion  
In this paper, we applied integral transform 
techniques to solve the nonhomogeneous 
thermoelastic problem posed within the 
context of fractional thermoelasticity. Hence 
variation of heat by moving heat sources in a 
body change infinitely. From a graphical study, 
when a body is provided with internal and 
sectional heat, it affects it in all directions. 
Hence material shows expansion along the x, y, 
and z-axis, respectively. The analytical 
technique proposed here is relatively 
straightforward, simple, and widely applicable 
compared to the methods proposed by other 
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researchers. The results obtained while 
carrying out research are described as follows  
1. The advantage of this approach method is 
its generality and mathematical power to 
handle different mechanical and thermal 
boundary conditions under thermal loading.  
2. As a result of the expansion of one plate 
region in a given scenario, the point of 
maximum tensile stress moves toward the 
plate's centre. Its absolute value increases with 
the increasing trend along a different 
coordinate axis. This expansion could be due to 
sectional heat supply, stress, or available 
internal heat sources under a known 
temperature field.  
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