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Abstract

In this paper,we have proved some fixed point theorems on coincidence points of certain composite involutions
in Banach spaces employing Pachpatte [6], Delbosco [1] and Khan &Imdad [5] contractive conditions which seem
to be a contribution to the existing results and which in turn generalize and unify several other results.
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1 INTRODUCTION:

By unifying several well known contractive
conditions in fixed point theory, Delbosco [1]
defined a g - contraction as follows

d(Tx,Ty) <g(d(x,y),d(x,7x),d(y,Ty))

Where g: Rf ->R, is a continuous function
having the properties:

Dg(1,1,1)=h<1land

(i) Foru,v= 0 such that
u<g(u,v,v) or u<g(v,u,v) o u<g(v,v,u)

then U = hV.

However, we shall assume function g to have
somewhat different properties from that
defined by Delbosco [1]

LetO be the set all real valued continuous
3

function of g : R/ >R

(g (1,1,1)=h<2

(i) if u, v2 0 are such that either

u<g(v,2v,u) u<g(v,u,2v),,

+ satisfies the condition

or
u< g(u,2v,v)' them U <hv

Imdad and Khan [2] have given the definition
of composite involution stated as:

1.1 Definition:

A pair of self-mappings (F,G) on a set X is said
to be composite involution if their
composition is an involution.

One may note that the notion of composite

one of the component maps is identity
involution if the pair of maps (F, G) is a
composite involution then the component
maps need not be involutions as is evident
from the following examples.

1.2 Example
Consider X = x y’Z’W}. Define TG X =X
as

Fx=vy, Fy=12z, Fz=w, Fw=x,

Gy=x Gz=y, Gw=1z, Gx=w,

So that

FGx=x, FGy=y, FGz=12, FGw=w,
F°x=2z, F’y=w, F?z=x, F?w=y,
and

G’x=1z, G’y=w, G’z=x, G’w=Yy,
Thus also

F?#1,G*#1but (FG)*=1=FG

2 MAIN RESULTS:
Let x be an arbitrary point in K and

A=%U+U

Define we
shall make repeated use of the following
equivalent values, whereK stands for closed
and convex subset of a Banach space X and

T:K—>K The following lemma is the key in

y:A>’(, z=Tyand u=2y-z
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proving our main result.

2.1 Lemma:

ly =T =[x - y| =1/2x - Tx|

and

[x = Tx]| = 2| Ax—x|.|ly = Ty| = 2HA2x - AXH

Now we prove our main result.

2.2 Theorem:

Let F, G, S and T be self mappings of a Banach
space X satisfying:-

(i) The pair (ST, FG) commute,

(ii) The pairs (S, T) and (F, G) are composite
involutions,

(iii) |sTx - STy| < 9(|FGx— FGy|, [FGx— STX, [FGy - STy| )

for all %Y €X.9€3, then FG and ST have a
coincidence point xo, i.e. FGxo = STxo, Moreover
if the pairs (S,T), (ST, F), (ST, G), (F, G), (FG, S)
and (FG, T) commute at the coincidence point
Xo, then xo also remains the unique common
fixed point of S, T, F and G.

Proof: From (i) and (ii) it follows that (STFG)2

=I. Now using (18, we have

|STFG Fx - STFG Fy| < gl |(FG) Fx - (FG)’ Fy|, |(FG) Fx - (STFG)Fx],
|(F&)*Fy -~ (sTFG)Fy)

If we set Fx = zand Fy = w, then we get

|STFGz~-STFGW| < g(|(z—W|. |(z - STFGZ], |(w-STFGW|)

Since the map STFG is an involution, therefore,

5 = (STFG)w

we define w = Az and

H=2W=0 sndnote the values given in

Lemma 2.1.

Now consider

|6 -2| = H(STFG)W— (STFG)? zH
< g(w- (STFG)z, |w— (STFG)W,[(STFG)z - (STFG)?Z)
< gQ\w— (STFG)zZ], |[w— (STFG)w], |[(STFG)z - ZH)

1
< g[EHZ _ (STFG)z|, [w— (STFG)w, |2 7(STFG)ZHJ

by Lemma 2.1
Again
|- 2| =[2w -6 — 7| = |(STFG)z — (STFG)Ww|
< g(Jz-w|, |2 - (STFG)z|,|w - (STFG)w)

< gGHz (sTFG)| |z - (STFG)ZH,HW—(STFG)MU

But

o=l <ljo=2]+|z =

And so, using inequalities (3) and (4) we get
6 < zg@\\z ~(STFG)], |2~ (STFG)z] Jw— (STFG)WHJ

Sincel0 ~H| =W (STFO)W|

inequality gives

, so that above

[w—(STFG)w|< gguz _ (STFG)2]. |2~ (STFG)z, wa(swe)wu)

So that
[w—(STFG)w||<h/2|z—(STFG)z|
Thus from Lemma (2.1), we obtain

HAZZ - AZH <h/2|Az—2] (1)

Thus, inductively, we obtain

|A™z— A"z < (h/2)"|Az—7]

An+1z _ Anz

-0
as

Since h< 2, it follows that ‘

n
N—% Thus {A X} is a Cauchy sequence and
converges, to some point xo is X.

We obtains, thereforeAxo = xo and so(STFG) xo =
X0.

So (STFG) has at least one fixed point sayxo in X
i.e.,, (STFG) xo = xo. Now using (ST)%2.+(2)we get
FGxo = STxoi.e. is a coincidence point of ST and

FG. Now
ISTX, = X[ =[STX, — ST (FGX,))|

< g(|FGx, - FG(STx))|[FGX, — STx, |, [FG(STx,) — ST (STx,)|)
< g(HSTx0 —XOH,O,O)
< hQ\STx0 - XOH)

Yielding thereby .S'TX0 %o =0, or STXO = %o

ie, Xo is a fixed point of ST and hence of FG.

To prove the uniqueness of comneé)n fixed

point XO, let yo be another fixed point of ST
and FG, then
¥ = Yol =[[STX, = STy,

< gQ\FGxO - FGyOH,HFGxO —STXOH,HFGy0 —STyoH)
< gQ\xo Y ,0,0)
< hmxo - VOH)

Giving thereby xo - yo = 0 iexo is a unique
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common fixed point of ST and FG.

Now using the commutativity of the pairs (F,G),
(ST), (FGS), (FG,T), (ST.F), (ST.F) and (STG) at
Xo one can write.

Sxo = S (TSx0) = ST (Sxo0), Fxo = F (GFxo) = FG
(Fxo),

Txo = T (TSx0) = ST?x0 = ST (Tx0), Gxo = G (GFxo)
= FG (Gxo),

Sxo = S (FGxo) = FG (Sx0), Fxo = F (STxo) = ST
(Fxo),
Txo = T (FGxo) = FG (Tx0), Gxo = G (STxo) = ST
(GXo),

which show that Fxo, Gxo, Sxo and Txo is a
common fixed point of the pair (ST,FG) which
due to uniqueness of the common fixed point
of the pair (ST,FG) get us.

X0 = SX() = TXo = FX() = GXo

This completes the proof.

After putting FG =I and S = [, in Theorem 2.2,
we get the following result.

2.3Corollary:
Let T be self mappings of a Banach space X
satisfying

MmT =1,
(ii) [mx=Ty] < g(x=yl, =T, |[y-Ty])
for every X,yeX where 9 € S, then T has at

least one fixed point

2.4 Remark:
The foregoing Theorem 2.2 can be
conveniently used to corollaries the theorem of

Iseki ([3,4]), if we choose
g(ab,c)=(a/2+B)mexi2ab.cl . .
a,b,c20
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