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Some results on fixed point of certain composite involutions in Banach spaces have been obtained. These are
partially generalizations of certain previously known results due to Ciric[1], Goebel and Zlotkiewicz[2], Khan-
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1. INTRODUCTION AND PRELIMINARIES:

In (1971) Goebel and Zlotkiewicz [2] have
obtained an interesting result for involution
mappings which reads as follows:

Theorem A : Let K be a closed convex subset of
a Banach Space X if T : K — K satisfies the
conditions

(a) T? =1 (the identity mapping) and
(aa) ||TX —Ty|| <h ||X - y||

holds for all x, y and K, where 0<h<2.Then T
has at least one fixed point.

The extension of theorem A were given by
several authors, e.g. Ciric [1], Iseki [4], Part-Yie
[7], Khan et. al. [6] and many others.

Iseki [4] replaced condition (aa) by

() [mx=Ty] <alx=y+blx T +y ~Ty]]
where a,b>0, a+4b <2

whereas Khan et al. [5] replaced the condition
(aa) by

() [Tx =Ty < aljc—y] +blfx~Tx|+ |y ~Ty]]

=Ty +[y - 7]

where a,b,c>0,a+4b+3c <2

Imdad and Khan [6] have given the definition
of composite involution stated as:

1.1 Definition:
A pair of self-mappings (F,G) on a set X is said

+n

be composite involution if their composition
is an involution.

One may not that the notion of composite
involution coincides with usual involution if
one of the component maps is identity
involution if the pair of maps (F, G) is a
composite involution then the component
maps need not be involutions as is evident
from the following examples.

1.2 Example
Consider X = {x, y, z,w}.
F,G: X —-> X as
Fx=vy, Fy=1z, Fz=w, Fw=x,
Gy=x, Gz=y, Gw=1z, Gx=w,
So that
FGx=x, FGy=y, FGz=12, FGw=w,
F°x=1z, F?’y=w, F’z=x, F?w=y,

and G°x=1, G*y=w, G’z=x, G’w=y,
Thus also

F2£1,G6%#1 but (FG)*=1=FG,

Define

1.3 Example:
Define F,G:R - R as

{—3x if x>0 {Zx if x>0
G

_x/2if x<0' . |x/3if x<0
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So that

—6x if x>0
FGx= .
—x/6if x<0

Note that F2 # 1, G* # 1 but (FG)* =1

It is straight forward to note that if two maps
are involutions and commuting then their
composition is also an involution.

2. MAIN RESULT:
Motivated from the contractive conditions
given by ciric [1], we prove the following.

2.1 Theorem:

Let EG,S and T be self mappings of a Banach
space X satisfying

(i) The pair (ST,FG) commute,

(ii) The pairs (S5, T) and (F,G) are composite
involutions,

(iii)

h 1 1
[STx—STy]| SEmax[HFfo FGyH,EHFfosTxH, EHFGyf STy,

%H FGx— STyH%HFGy - STXH) -(1)

for everyx,y e X whereO<h<4, then FG

and ST have a coincidence point Xoi.e.,

FGX, = STX,. Moreover if the pairs (S,T),
(ST,G) (ST,F), (F,G),(FG,S) and (FG,T)
commute at the foregoing fixed point xo, then xo

also remains the unique common fixed point of
S,T, Fand G.

Proof : From (i) and (ii) it follows that (STFG)2
=I. Now using (4.15), we have
|STFGFx-STFGFy| < g max[H(FG)Z Fx—(FG)? FyH,%H(FG)Z Fx—(STFG)FX],

%H(FG)Z Fy— (STFG)FyH,%H(FG)Z Fx—(STFQ)y|,

%H(FG)Z Fy— (STFG)Fij

If we set Fx = z and Fy = w, then we get

[STFGz—STFGW| < gmax(Hz —WH%Hz - (STFG)ZH,%HW— (STFG)w],

2e- (STFG)WH,%wa(STFG)ZHJ.

Since the map STFG is an involution and 0
<h <4, therefore by Theorem 2.1 due to
Khan and Imdad [6], STFG has at least one fixed
point say xo in X i.e. STFGxo= xo. Now using
(§T)2 = I, we get FGxo = STxol.exo is a
coincidence point of ST and FG. Now

[STx, = X, =[[STx, = ST (FGx,))|

h 1 1
< Emax[HFGx0 - FG(STXO)H, EHFGXO - STXDH, EH FG(STx,)-ST (STXO)H,

1 1
EHFGx0 - ST(STXD)H,EHFG(STXO) - STXDH)

h
< EHSTX0 =

yielding thereby STx,—x, =0, or STx, =X, ie. X, is a
fixed point of ST and hence of FG.

To prove the uniqueness of common
fixed point xo. Let yo be another fixed point of
ST and FG, Then
[ = Yol =[[ST%, = STy,

h 1 1

< 5max[HFc;xO ~Foy, )| LIFox, ST 2 Fey, ~sTyo)l
1 1
L JFex, ~sTy,) S[Fey, - STXOH]

h
< EHXO = Yo

Giving thereby X, =Y, =00r X, =Y, 18, X; is
a unique common fixed point of ST and FG.
Now using the commutativity of the pairs (F,G),
(S$T), (FG,S), (FG,T), (ST,F) and (ST,G) at xo one
can write.

Sxo = S (TSx0) = ST (Sxo), Fxo = F (GFxo) = FG
(Fxo),

TX() =T (TSX()) = STZXO =ST (TX()), GX() =G (GFX())
=FG (GX()),

Sxo =S (FGX()) = FG (SXO), Fxo = F (STX()) = ST
(FX()),
Txo = T (FGxo) = FG (Txo), Gxo = G (STxo) = ST
(GX()),

which show that Fxo, Gxo, Sxo and Txo is a
common fixed point of the pair (ST,FG) which
due to uniqueness of the common fixed point
of the pair (S7,FG) get us.
X0 = SXo = TX() = FXO = GX()

This completes the proof.

If we take FG =1 and S = in Theorem 2.1, we
get the following result of Khan and Imdad [6].

2.2 Corollary:

Let T be self mappings of a Banach space X
satisfying

HT2=1

(A o~y =Tk =T e Sy
for every x,y e X where0< h<4, then T has
at least one fixed point.

2.3 Remark:
Theorem 2.1, remains true if we replace
condition (1) as follows
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|STx - STy| <h|FGx-FGy|for  everyx,y e X,

where 0<h<?2
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