600

NeuroQuantology | December 2013 | Volume 11 | Issue 4 | Page 600‐606
Kak S., Probability constraints on the classical/quantum divide

Probability Constraints
on the Classical/Quantum Divide
Subhash Kak
ABSTRACT

This paper considers the problem of distinguishing between classical and quantum domains in macroscopic
phenomena using tests based on probability and it presents a condition on the ratios of the outcomes being the same
(Ps) to being different (Pn). Given three events, Ps/Pn for the classical case where there are no 3‐way coincidences is
one‐half whereas for the maximally entangled quantum state it is one‐third. For non‐maximally entangled objects
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we find that so long as r < 5.83, we can separate them from classical objects using a

2

probability test. For maximally entangled particles (r = 1), we propose that the value of 5/12 be used for Ps/Pn to
separate classical and quantum states when no other information is available and measurements are noisy.
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Introduction1
That a signal be considered quantum is
generally
determined
by
different
characteristics
such
as
superposition,
entanglement,
and
complementarity.
Information associated with either classical or
quantum variables is measured in relation to
the experimental arrangement and it is a
function of the probabilities of the outcomes
associated with the experiment. In the problem
of calculation of information, one should first
determine whether the variable being measured

is classical or quantum, and this may be
difficult if the measurement constraints
preclude determination of superposition.
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There are many physical processes where
the nature of the variables is well established
both by theory and experiment. But what about
new situations, outside of physics in
macroscopic systems, where there isn’t
consensus that the processes have a quantum
mechanical basis? Quantum biology is one such
area (Collini 2010; Ball, 2011; Lambert, 2013).

If the variable is quantum, one must
determine if it is pure or mixed and this would
require prior testing and assumption of
stationarity of the process with respect to time.
One must also define the framework within
which the question of information is being
asked since, under certain conditions, an
unknown pure state – associated with zero von
Neumann entropy -- can convey information
(Kak, 2007).
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Reasons have also been advanced for
considering quantum models of the brain (Kak,
1995; Kak, 1996; Kak, 2000; Hameroff and
Penrose, 2003; Freeman and Vitiello, 2006)
and if such functioning is true there ought to be
evidence in favor of coincidences across space
and time (Kak, 2009).
In many situations, such as concerning
determination
of
entanglement,
the
differentiation between classical and quantum
effects is estimated by checking if the Bell
inequality is violated (Bell, 1964; De Raedt
2011; Ferry, 2010). In his original paper, Bell
showed that under conditions of independence
classical random variables A, B, C will satisfy
| Psame ( A, B)  Psame ( A,C ) | ≤ Psame ( B, C ) + 1

(1)

where Psame ( X ,Y ) is the probability that the pair
of random variables X, Y have some identical
property. The Bell inequality is a consistency
constraint on functions of two random variables
and it can be described in many other ways (and
we will use a slightly different form in our
discussion).
Bell showed that
similar
measurement of entangled quantum variables
can lead to a violation of the inequality and,
therefore, such violation can serve as a divide
between classical and quantum variables. But
Bell inequality is also violated in many classical
situations where long-range correlations persist
(Briggs and Eisfeld, 2011; Miller, 2012).
Statistics may also be used to distinguish
between classical and quantum systems (Kak,
2013). But this applicability will be limited to
situations where the quantum process is in a
state of thermal equilibrium. In a closed
quantum system, there may be a large number
of eigenstates. When this system is opened to
the environment, many of these states couple to
the environmental states and undergo
decoherence. Due to decoherence emerges
environment-induced superselection that leads
to the survival of the pointer states (Zurek,
2003) that remain correlated with the universe
even though they are quantum mechanical. The
pointer states obey classical statistics.
The classical/quantum divide is a central
notion of the Copenhagen Interpretation (CI) of
quantum mechanics. The Many Worlds
Interpretation (MWI) takes the wavefunction to
be the primary reality and assigns a
wavefunction to the universe itself. In MWI
there is no collapse of the wavefunction and the
observation is a consequence of decoherence
brought about by the environment. If CI is an
eISSN 1303‐5150

inside-out view of the universe where the reality
is constructed out of the perceptions of the
experimenter, MWI is an outside-in view in
which the mathematical function of the
universe is the primary reality. In our view CI is
better than MWI in addressing the question of
free-will which it does through the quantum
Zeno effect if consciousness is seen to have a
universal basis.
In application of quantum theory to
beliefs (which sidesteps the question whether
the brain must be described by a quantum
model), questions A, B, A|B, and B|A are
presented in sequence to each member of a
group of people and the responses averaged
(Khrennikov, 2010). If it is shown that P(A|B)
P(B) ≠ P(B|A) P(A), that would be evidence in
support of a non-classical basis to such
probability. In entangled states such as P(01) =
0.09 and P(10) = 0.01. Such a state function
may be created by passing the state through
some appropriate unitary operator. Whether
such operators can be freely implemented is
quite another matter for it appears that the
problem of gate design to derive specific state
functions is not easy (Kak, 2012). Six reasons
have been advanced for a quantum approach to
mental events: mental states are indefinite,
judgments create rather than merely record,
they disturb each other, and they do not always
obey classical logic, they do not obey the
principle of unicity, and cognitive phenomena
may not be decomposable.
We take another look at what is possible
to infer from experimental observations related
to the nature of the system or the signals. Given
pairwise data for variables, Boole showed what
constraints had to be satisfied for the pairwise
probabilities of a set of three evens to be
consistent (Boole, 1862). In this sense, Boole’s
work prefigures Bell’s inequalities (Bell, 1964)
although the focus of Bell was to find a setting
that would clearly point to the differences
between classical and quantum situations.
An entangled quantum state such as
 

1
2

( 00  11 ) has the same form along all

measurement bases. Thus for any random bases
b0 , b1

 

1
2

( b0b0  b1 b1 ) and each of the

qubits is in a mixed state. It is this feature that
makes the measurements along different bases
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on the quantum state different from the
measurements of classical states.
The conditions for the probability
constraints are well-defined both for classical
objects and quantum states and we stress that
the use of the ratios of “same” to “nonsame”
events will be more reliable in the presence of
noise than to consider just the absolute value of
“same” events. For non-maximally entangled
objects 

1

r  s t 1

(3)

s  t  r 1
t  r  s 1

These are of the form
P ( AB )  P ( AC )  P ( BC )  1

which may be rewritten as:
| P ( AB)  P ( AC )| 1  P ( BC )

(4)

(r 00  11 ) we find that

This is a form similar to that of the
original Bell inequality (1).

so long as r < 5.83, we can separate them from
classical objects based on computation of
“same”
and
“notsame”
events
across
appropriately chosen bases.

Now we consider a more general situation
where there are three random variables A, B,
and C each one of which takes two values, say 0
and 1. Le the probabilities of the eight possible
outcomes be defined as below:

AA



1 r2

Probability Constraints
It is quite clear that a constraint on n variables
will be projected as several constraints on
subsets of these variables. Therefore, if we are
only given the constraints on the subsets of the
variables, it cannot be said if they were derived
from the same function on all the variables.
Consider (with Boole) three events A, B, and C.
Let P(AB) = r; P(BC) = s; and P(AC) = t. If a
Venn diagram is drawn and we write
P ( ABC )   ; P ( ABC )   ; P ( ABC )   ; P ( ABC )  
Then
    r ;     s;     t

(2)

Table 1. Probability of outcomes for events.
A
B
C
Probability
0
0
0
0
1
1
1
1

0
0
1
1
0
0
1
1

0
1
0
1
0
1
0
1

a
b
c
d
e
f
g
h

In real data, the set may not be complete
due to noise and other experimental errors. In
such a case, if the data that doesn’t fit is
ignored, the probability values in the right
column will not add up to one.
Clearly,
PAB (0,0)  a  b; PAB (0,1)  c  d; PAB (1,0)
 e  f ; PAB (1,1)  g  h
PBC (0,0)  a  e; PBC (0,1)  b  f ; PBC (1,0)
 c  g; PBC (1,1)  d  h
PAC (0,0)  a  c; PAC (0,1)  b  d; PAC (1,0)
 e  g; PAC (1,1)  f  h

Since these are mutually dependent
conditions, they should satisfy conditions such
as:
Figure 1. Venn diagram for three events A, B, C.

A straightforward computation shows
that the following constraints need to be
satisfied for the data to be consistent:

eISSN 1303‐5150

PAB (0,0)  PAB (0,1)  PAC (0,0)  PAC (0,1)

(5)

PBC (0,0)  PBC (0,1)  PAB (0,0)  PAB (1,0)

(6)

PBC (0,0)  PBC (1,0)  PAC (0,0)  PAC (1,0)

(7)

that express pi (0) in two different ways.
Likewise, there would be a further set of
conditions that express pi (1) in two different
ways.
www.neuroquantology.com
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Let us now define
PAB (0,0)  PAB (1,1)  Psame ( A, B) ,
PAC (0,0)  PAC (1,1)  Psame ( A, C ) ,

and PBC (0,0)  PBC (1,1)  Psame ( B, C ) .
It follows that the following result is
true:
Psame ( A, B) + Psame ( A,C ) + Psame ( B, C ) = 1  2a  2h (8)

to zero. We find that s  t  1 . Substituting back
in (11) we find the minimum to be 1  2t  2t 2
whose least value is 1. Its maximum value is
obtained when r, s, t are each equal to 1 which
reduces equation (11) to 3. The left hand side of
(11) is nothing but Psame ( A, B) + Psame ( A,C ) +
Psame ( B, C ) and, therefore, we can write:
Psame ( A, B) + Psame ( A,C ) + Psame ( B, C ) ≥1

Let
Theorem 1.
Consider that a sample space is completely
described by the binary outputs associated with
events A, B, and C. Then Psame ( A, B) + Psame ( A,C )
+ Psame ( B, C ) = 1  2 Psame ( A, B,C ) where
Psame ( A, B, C )  PABC (0,0,0)  PABC (1,1,1) .
Theorem 1 implies the general inequality:
Psame ( A, B) + Psame ( A,C ) + Psame ( B, C ) ≥ 1

(9)
It is obvious that the satisfaction of the
inequality (9) is necessary but not sufficient for
the data to be consistent. Consider the
probability values given below for three random
variables A, B, C:
PAB (0,0)  0.3; PAB (0,1)  0.2; PAB (1,0)

Psc 

+

Psame ( A, B)

(12)

Psame ( A,C )

+

Psame ( B, C ) , and Pnc  Pnotsame ( A, B ) + Pnotsame ( A, C )
+ Pnotsame ( B, C ) where Pnotsame ( A, B ) means that the

outputs A and B are different, and the “c” in the
subscript for Psc and Pnc refers to “classical” for
what is being considered is classical probability.
A straightforward computation shows that
Pnc 

Pnotsame ( A, B )

+

Pnotsame ( A, C )

+

Pnotsame ( B, C )

= 2b  2c  2d  2e  2 f  2g  2  2 Ps ( A, B,C )

(13)

By using Theorem 1 on (13), it follows that
(14)

Psc  Pnc  3

We can summarize the result on the ratio
of the probabilities of getting same output to
notsame output by the next result:

 0.3; PAB (1,1)  0.2
PBC (0,0)  0.15; PBC (0,1)  0.35; PBC (1,0)
 0.25; PBC (1,1)  0.25

(10)

Theorem 2.
Psc
1  2 Ps ( A, B, C )

Pnc 2[1  Ps ( A, B, C )]

PAC (0,0)  0.1; PAC (0,1)  0.4; PAC (1,0)
 0.2; PAC (1,1)  0.3

In the special case where Psame ( A, B, C ) =0,

These values violate the inequalities (5),
(6), and (7). The data does however satisfy the
inequality (9) since the left hand side for this
case is 0.5+0.4+0.4 >1.
Now consider a specific case of three
independent variables associated with an
experiment where each variable takes the values
0 or 1. Let the probabilities of A, B, and C being
1 and 0 be given by the table below:

Psc 1

Pnc 2

p(1)
p(0)

B
s
1‐s

C
t
1‐t



1
1 r2

(r 00  11 )

originally described with respect to the A set of
bases:
(11)

To find its minimum we differentiate this
expression with respect to r and put that equal
eISSN 1303‐5150

AA

(17)

Consider the product:
rs  (1  r )(1  s )  st  (1  s)(1  t )
rt  (1  r )(1  t )

(16)

Correlation Across two Different Bases
We wish to determine the correlation across
two bases for the general quantum case of
entangled particles


A
r
1‐r

(15)

a0  0 , a1  1 .
(18)
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Let the second set of bases be

b0 

1
k 1
0 
1,
k
k

b1 

k 1
1
0 
1
k
k

Psame _ quantum ( A, B)
Pnotsame _ quantum ( A, B)

(19)

Substituting, we see that


1
1 r


2

{

BB



(r  (k  1)
k 1
b0b0 
(r  1) b0b1
k
k

k 1
r (k  1)  1
(r  1) b1b0 
b1b1 }
k
k
(20)
For the maximally entangled cased of

r=1, 

BB

1

( b0 b0  b1b1 ) .
2

To consider the correlation across the
two bases, we consider  AB representing the



1
k 1

(23)

It is significant that the result is
independent of the value of r. This means that
we will get the same result even if the
entanglement is zero and we are dealing with a
pure state.
The expression (23) gives the same
probabilities for similar and dissimilar outputs
for k = 2. This is the case which corresponds to
measurement bases bi that are orthogonal to

ai . As k is increased, we rotate b0 away from
a0 . The value k=2 corresponds to -450, k=3 to
-540, and k=4 to -600, and so on.
A straightforward calculation shows that
for the state  AA  a 00  b 01  c 10  d 11
a correlation across the bases BB of (19) leads to
the following Psame ( A, B ) :

a 2  b 2 (k  1)  c 2 (k  1)  d 2
k

(24)

projection of one set of bases on another. We
can express the state  AB as:

Locality versus Nonlocality
The context for the Bell inequalities is the EPR
experiment in which two observers make
 AB =
measurements on a pair of entangled objects.
Observers A (Alice) and B (Bob) make their
1
(r 00  r k  1 01  k  1 10  11 ) observations using filters whose orientations
k 1 r2
are chosen independently immediately before
(21) their observation and, therefore, these
orientations cannot be considered to be related.
For a maximally entangled pair of objects
The probabilities Psame ( A, B ) and Pnotsame ( A, B)
1
will simply be the modulus square values of the
( 00  11 ) ,
2
amplitudes of 00 and 11 on the one hand,
if the measurement orientations chosen by Alice
and 01 and 10 on the other. Making the and Bob happen to be the same, the results of
the filters will be identical. Since the probability
required computation, we obtain:
of each of the two choices being a 0 or 1 is equal,
1
k  1 this implies that somehow the two objects
and Pnotsame ( A, B) =
remained coupled even though they could be so
Psame ( A, B ) =
k
k
far apart that signal from one could not reach
(22) the other in the time that the decision to use a
specific measurement orientation was made.
Theorem 3.
In
an
actual
experiment,
the
For the non-maximally entangled particles measurement orientations will be randomly
1
 AA 
(r 00  11 ) and the two frames distributed. Nevertheless, the Bell inequalities
2
describe the situation if the attributes of the two
1 r
objects are defined in advance of the
defined by (18) and (19), the probabilities of
measurement and there are no existing
same output to dissimilar output is given by
correlations between the separated objects. A
eISSN 1303‐5150
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purely quantum description, on the other hand,
violates Bell inequalities.
An essential ingredient of the argument
related to the experiment is that the actions of
the source C of the entangled objects cannot
possibly depend on the later decisions related to
measurement orientations made by both A and
B. One may say that free will was behind these
decisions. Parenthetically, it should be noted
that the maximally entangled pair of objects are
not in superposition states but are rather
mixtures. The measurement by Alice does not
cause a collapse; it is a choice between two
outcomes associated with equal probability.
The violation of Bell inequalities has been
generally viewed as the best proof of
nonlocality. But all experiments that have been
conducted until now have loopholes and
therefore they cannot be considered as
definitive tests. The two principal loopholes are
those of locality and detection (Brunner et al,
2013; Christensen et al 2013). The locality
loophole addresses the possibility that a local
realistic theory might rely on some type of
signal sent from one entangled particle to its
partner. The detection loophole addresses the
fact that when measured with low-quantumefficiency detectors, as is currently the case,
experimental results can be explained by a local
realistic theory (‘t Hooft, 2009; Vervoort, 2013).
The inequality (9) is violated by
measurements on certain quantum states. Thus
if the state function is the non-maximally
entangled state



AA



1
1 r2

(r 00  11 ) ,

we can take the three measurement bases to be
the 00, 900; -600, 300 (k=4) and -300, 600 (k=4
and flipping the frames) to maximize the total
probability by picking a uniform distribution
over the phase space (as in Maccone, 2012).
These frames are written as:
a0  0 , a1  1 ;
b0 
c0 

(25)

3
3
1
1
0 
1 , b1 
0  1 ;
2
2
2
2
3
3
1
1
0 
1 , c1 
0  1
2
2
2
2

(26)
(27)

We have already seen in equation (22)
that Psame ( A, B ) = Prob ( 00 + 11 ) = 1/k which
is ¼. Similarly, Psame ( A, C ) = ¼.
The function 
eISSN 1303‐5150

BC

may be derived from

(17) by substituting the inverse transformations
for (26) and (27):
 BC =

1
1  r2


{

(r  3)
3
b0c0 
(r  1) b0c1
4
4

(28)

3
3r  1
(r  1) b1c0 
b1c1 }
4
4

Therefore,

Psame ( B, C ) =
1
(r  3) 2 (3r  1)2
{

}
(1  r 2 )
16
16

5r 2  6 r  5
8(1  r 2 )

(29)
We find that in the quantum example
considered above,
Psq= Psame(A, B) + Psame(A, C) +

1 5r 2  6r  5
Psame(B, C) = 
2
8(1  r 2 )

(30)

Equation (30) violates the Bell-type
inequality (9), that is it is less than 1, unless r ≥
5.83. It is equal to 1 when r 2  6r  1  0, which
has solutions 3  8 or 5.83 and 0.17 which are
the same solution since they are inverses of
each other. Furthermore,
Pnq  Pnotsame ( A, B) + Pnotsame ( A, C ) +

15r 2  6r  15
(31)
8(1  r 2 )
When r = 1, Psame ( B, C ) = ¼ and so in

Pnotsame ( B, C ) =

each of these cases, the “notsame” probability is
¾.
Summarizing, we can write:
Theorem 4.
For the state 

AA



1
1 r2

(r 00  11 ) , for

Psq and Pnq defined as in (27) and (28), Psq < 1
for r < 5.83. We have the further result:

Psq
Pnq



3r 2  2r  3
5r 2  2r  5

(32)

The probability of obtaining the “same”
results in the quantum case (32) is lower than
for the classical case (15) for r < 5.83.
Conclusions
This paper considers the problem of
distinguishing between classical and quantum
www.neuroquantology.com

NeuroQuantology | December 2013 | Volume 11 | Issue 4 | Page 600‐606
Kak S., Probability constraints on the classical/quantum divide

domains in macroscopic phenomena using tests
based on probability and it presents a condition
on the ratios of the outcomes being the same
(Ps) to being different (Pn). Given three events,
Ps/Pn for the classical case where there are no
three-way coincidences is one-half whereas for
the maximally-entangled quantum state it is
one-third. In the presence of noise, the middle
point of 5/12 could serve as the dividing line
between these two states. For the nonmaximally entangled state

1
1 r2

(r 00  11 ) ,

606

It is indeed true that the conditions
outlined here will also be satisfied by many
regimes of classical waves (Ferry, 2010). Clearly
the applicability of these probability constraints
is relevant when we are considering the particle
view of the phenomenon.
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the three-way coincidences can distinguish
between quantum and classical cases so long as
r < 5.83.

References
Ball P. The dawn of quantum biology. Nature 2011; 474:
272-274.
Bell J. On the Einstein Podolsky Rosen paradox. Physics
1964; 1 (3): 195–200.
Boole G. On the theory of probabilities. Philos Trans R Soc
London 1862; 152: 225-252.
Briggs JS and Eisfeld A. Equivalence of quantum and
classical coherence in electronic energy transfer. Phys
Rev E 2011; 83: 051911–051914.
Brunner N et al., Bell nonlocality. 2013. arXiv:1303.2849.
Christensen BG et al., Detection-loophole-free test of
quantum nonlocality and applications. 2013.
arXiv:1306.5772.
Collini E et al., Coherently wired light-harvesting in
photosynthetic marine algae at ambient temperature.
Nature 2010; 463: 644–648.
De Raedt H, Hess K, Michielsen K. Extended Boole-Bell
inequalities applicable to quantum theory. J Comp
Theor Nanosci 2011; 8: 1011 – 1039.
Ferry DK. Probing Bell’s inequality with classical systems.
Fluctuation and Noise Letters 2010; 9: 395-402.
Freeman W and Vitiello G. Nonlinear brain dynamics as
macroscopic manifestation of underlying many-body
dynamics. Physics of Life Reviews 2006; 3: 93-118.
Hameroff S and Penrose R. Conscious events as
orchestrated space-time selections. NeuroQuantology
2003; 1: 10-35.
Kak S. Quantum neural computing. In Advances in
Imaging and Electron Physics, vol. 94, P. Hawkes
(editor). Academic Press, 259-313, 1995.

eISSN 1303‐5150

Kak S. The three languages of the brain: quantum,
reorganizational, and associative. In Learning as SelfOrganization, K. Pribram and J. King (editors).
Lawrence Erlbaum Associates, Mahwah, NJ, 185-219,
1996.
Kak S. Active agents, intelligence, and quantum
computing. Information Sciences 2000; 128: 1-17.
Kak S. Quantum information and entropy. International
Journal of Theoretical Physics 2007; 46, 860-876.
Kak S. Another look at quantum neural computing. 2009.
arXiv:0908.3148.
Kak S. The problem of testing a quantum gate.
Infocommunications Journal 2012; 4 (4): 18-22.
Kak S. The universe, quantum physics, and consciousness.
Journal of Cosmology 2009; 3: 500-510.
Kak S. Biological memories and agents as quantum
collectives. NeuroQuantology 2013; 11(3): 391-398.
Khrennikov AY. Ubiquitous Quantum Structure: From
Psychology to Finance. Springer, Berlin, 2010.
Lambert N et al., Quantum biology. Nature Physics 2013;
9:10–18.
Maccone A. A simple proof of Bell’s inequality. 2012.
arXiv:1212.5214.
Miller WH. Perspective: Quantum or classical coherence?
J Chem Phys 2012; 136: 210901.
‘t Hooft G. Entangled quantum states in a local
deterministic theory. 2009. arXiv:0908.3408..
Vervoort L. Bell’s theorem: Two neglected solutions.
Foundations of Physics 2013; 43:769–791.
Zurek, W.H. Decoherence, einselection, and the quantum
origins of the classical. Rev. Mod. Phys. 2003; 75: 715775.
www.neuroquantology.com

